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ABSTRACT
An investigation was conducted into the fatigue life
of prestressed concrete flexural members. Two types of
beam fatigue failure were considered, one resulting from
fatigue of the strand reinforcement, the other corres-
ponding to fatigue failure of the concrete in the com-
pressive stress block. Attention was given primarily to
the steel failure, which is the one more likely to occur
in beams of normal design.
A method was developed for predicting the fatigue
life of prestressed concrete f~exural members failing by
fatigue in the steel reinforcement under repeated constant
cycle and cumulative damage loadings. A means of obtain-
ing a lower bound estimate of beam fatigue life as limited
by concrete fatigue failure is also described •
The work carried out in the investigation consisted
of a program of fatigue tests on prestressed concrete beams,
an experimental study of the fatigue properties of high
strength steel strand re~nforcement, and a theoretical
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analysis of the stresses and deformations in a prestressed
concrete flexural member under fatigue loading. The re-
suits of the theoretical analysis can be used together
with the results of the experimental study of strand fatigue
prope~ties to predict the fatigue life 6f prestressed con-
crete flexural members. A comparison of predicted and
observed fatigue lives for the test beams shoWJsatisfactory
correlation.
The term fatigue failure was first used by nine-
teenth century engineers to describe sudden, brittle
failures which were observed in apparently sound metal
machine parts. Upon investigation it was discovered that
failure can be induced in materials by the repeated applica-
t~on of loads which are considerably smaller than the static
strength. The'number of load repetitions required to 'produce
"" 3 -
Studies conducted during the past half century into
the fundamental behavior of materials and structures have
resulted in many impr()vements in design procedures. This
has made possible the use of lighter~ more slender struc=
tural members. As beams and columns become 'more slender»
however, a number of effects which previously were of
secondary importance begin to influence the performance
of .tructures under load. Thus, problems of instability»
eXcessive deflection., and fatigue failure bavebecomeof
, increasing importance until, currently» they frequently
constitute critical design problems o
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fatigue failure in a structural element or machine part of
course depends upon the properties of the particular mate-
rial and upon the magnitude of the loadings, but the number
is usually many thousands. Although each load fluctuation
by itself can cause no significant damage, the effect is
progressive, with damage accumulating in th~ material as
the number of loadings increases, until eventually the
material is so weakened that the loads cannot be resisted c
Fatigue loading can exist in a variety of forms, The
simplest is a continuous and regular variation of load
between constant minimum and maximum levels 0 More com~
plicated forms which are commonly met with in practice
consist of repeated loads of varied magnitude occurring in
,
random sequence at irregular intervals of time.
1.1- FATIGUE FAILURE IN PRESTRESSED CONCRETE BEAMS
Fatigue failure can occur in concrete, as well as in
the metals. Prestressed concrete, being a combination of
concrete and high strength steel, is also subject to the
phenomenon. The possible modes of fail.ure in fatigue of
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prestressed concrete, flexural members are comparable in
some ways to the corresponding modes of failure under
static loading, and a similar method of classification is
useful 0 Thus~ failures involving fatigue in the component
materials may be referred to conveniently as "under-·
reinforced", "over-reinforced"~ or "balanced", depending
upon whether the primary failure takes place in the steel,
in the concrete, or in the two materials more or less
simultaneously 0 It should be noted that a beam which is
under-reinforced with respect to fatigue failure is not
necessarily under-reinforced from the point of view of
static ultimate strength o
In certain circumstances it may be possible also for
a progressive bond failure to occur along the length of
the beam as a result of fatigue loading 0 Bond-fatigue
failure, like bonQ-failure under static loading, will
occur only in regions where relatively steep moment
gradients exist; it is therefore unlikely in flexural
members in which the moment-to-shear ratio is large, and
is more conveniently treated in association with a study
of shear failureo In dealing with the basic modes of
fatigue failure in flexure, attention will be restricted
-6
1'02 PREVIOUS INVESTIGATIONS
concrete. Since this state of affairs was realized in
concrete compression regiono
. ' (1,2)
1.0 Europe ,
(4,5)
States •
Unfortunately, however, this very lack of informa-
It is interesting to note that when prestressed con-
tion on the fatigue resistance of prestressed concrete
possibility of its having poor fatigue properties was a
extensive to provide answers to the many questions con-
declined and subsequent work has not been sufficiently
in this study to fatigue in the tension steel and in the
than acceptance tests, they indicated that fatigue fail-
the designs at that time, interest in fatigue failure
matter of concern to many engineers o A number of beam
loadings were not large 'enough to cause cracking of the
Although these initial iAvestigations were little more
cerning the effects of fatigue loading.
ure would not be a practical problem provided the repeated
crete was introduced asa new method of construction, the
fatigue tests were therefore conducted
in England (3) , and later in the United
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members has made necessary the retention in design
specifications of the stipulation of no cracking under
load 0 This in turn places severe restrictions on possible
improvements and refinements,to design procedureso At
present, for example., the economic use of partial pre-
stressing techniques isaftenimpossible because of code
limitations on allowable bottom fiber concrete stresses o
Before current code requirements can be changed,
far more information must be obtained on the behavior of
prestressed concrete under fatigue loading 0 Knowledge
of fatigue failure -- which until recently was almost
completely contained in the negative statement that
fatigue failure will not occur if the loads are not
sufficiently large to cause cracking -- must obviously
be broadened to allow quantitative estimates to be made
of fatigue life and safety against fatigue failure under
general loading conditions o
A bibliography and review of research on concrete
fatigue has recently been published by Nordby(6), and it
will not therefore be necessary to give a detailed account
here of previous investigations 0 Nordby's review in-
dic'ates that earlier studies of fatigue failure in
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prestressed concrete beams have consisted, in the main,
of small experimental progr~s of beam fatigue tests.
Because of the isolated nature of this work,' the conclu-
sions have often been limited to the performance ofa
particular type of beam under a particular condition of
loading. Often, too, the published reports have been too
brief even to yield any clear picture of the detailed
sequence of events leading to failure.
Probably the, most significant conclusion which can
be drawn from previous experimental work is with respect
to the type of failure which might be expected in beams
of normal design. A study of the test reports indicates
that under-reinforced, fatigue,failures are by far the
most commonly ,occurring. Indeed, in the available litera-
ture, only one case of an over-reinforced failure is
reported:Le Camus(7) was able to force a concrete
fatigue failure by using a special reinforced concrete
test beam of champignon design with a reduced concrete
compression region. Next to the under";reinforced flexural
fatigue failure, shear-fatigue failure is the most common
fatigue failure reported in the literature.
The mo~t important analytic study of the fatigue
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
-9
strength of prestressed concrete beams has been made by
(8,9,10,11)Ekberg, et.al. Ekberg suggests that an
estimate of fatigue resistance of a flexural member sub-
jected to repeated loadings of constant magnitude can be
made by using experimentally obtained fatigue-failure
envelopes for the component materials of concrete and
steel. Typical fatigue failure envelopes for high
strength concrete and steel prestressing strand, taken
from reference (8), are shown in Fig. 1. These figures
indicate, for any given minimum stress level, the magni-
tude of the maximum stress level of a load cycle which
would cause fatigue failure after one million applica-
tions.
The failure envelopes may be used, together with a
theoretically obtained relation between applied moment
and the resulting stresses in the beam, to determine
those ranges of loading which would cause failure after
one million repetitions. In order to obtain the steel
stress-moment relations, Ekberg refers to an approxi-
1 ° d °b d b 1 0(12) Al ° 1mate ana ys~s escr~ e y Co onnett~ • ternat~ve y
he suggests an approximation obtained by joining with
straight lines the three easily computed points corres-
ponding to zero moment, cracking moment, and ultimate
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moment(9).
A relation between steel stress and applied moment,
taken from reference (9),is shown in Fig. 2. An example
will demonstrate the use of these figures. Assuming
that the minimum moment in the beam, due to dead load
only acting, is 20 percent, the corresponding minimum
steel stress is found from Fig. 2 to be 48 percent. For
a minimum stress level of 48 percent, Fig. 1 indicates
a maximum stress level of 64 percent which, from Fig. 2,
corresponds to a moment of 68 percent. Th~s, a load
cycle on the beam producing a moment cycle varying bee
tween 20 and 68 percent of the static ultimate mOment
could be expected to produce failure by steel fatigue
after one million applications. A~imilar analysis,
using the concrete fatigue envelope and a relation be-
tween applied moment and top fiber concrete stress, would
yield the load cycle which would cause concrete fatigue
failure after one million repetitions. When the load
'cycle corresponding to steel fatigue is smaller than that
corresponding to concrete fatigue an underereinforced
failure willoc~ur, and vice versa.
The method described above, being simple and
I
I
I
I
I
I
I
I
I
I
I
I
I
,I
.1
I
I
I
·1
-11
approximate, ignores several effects which will now be
discussed in turn 0
In the treatment of the concrete failure, conditions
are considered only in the extreme concrete compression
fiber» and the problem is treated as a case of fatigue
failure of a concrete element under repeated axial load-
iog o Concrete fatigue failure in fact takes place in
the compression region of the beam in the presence of a
stress gradient 0 This simplification however seems to
be justified when it is realized that (a) primary con~
crete failure -is extremely rare, and (b) in those rare
cases where it does occur, consideration of the extreme
conditions in the outer-most fiber will yield a lower
bound to~ and hence a conservative estimate of, fatigue
strength 0
Another effect which is not considered, but which
might be of some importance, is the change which will
occur in the stre$s-moment relations throughout the load
history as a result of concrete creep and progressive bond
breakdown around the tension cracks o The magnitude of
the change, and the extent to which it will effect fatigue
life, are questions which have not been investigated 0 Also
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the methods suggested for obtaining the a"tress-moment
relations are very approximate and can lead to consider-
able error in fatigue life predictions, especially in
the case of low load and long fatigue life where a small
error in stress will cause a very large error in the
number of cycles to failure.
Perhaps the most important effect ignored in the
"approach is the essentially statistical nature of fatigue
data. Constant cycle fatigue proper~ie~ of a material
. ' -,
cannot be represented adequately by three dim~nsional
relations, such as S-N curves and fatigue envelopes,
which involve only" maximum and minimum stress levels and
the number of cycles to failure." Recent studies" of the
fatigue properties of materials(13,14) clearly indicate
that the variability inherent In the basic fatigue
properties of materials requires that fatigue phenomena
be treated in probabilistic termso
In summarizing previous research on concrete fatigue,
Nordby (6) concludes that --- "Most of the research up to
this time (1958) has been exploratory and investIgators
now know what to look foro" More specifically,previous"
research has indicated the primary importance of the
1
I
I
I
I
I
I
1
I
I
I
I
I
I
I
I
I
'I
':1'
-13
under~reinforced flexural fatigue failure. Ekberg's
work, besides providing a very simple though very approxi-
mate method of estimating fatigue resistance under con-
stant cycle loading, emphasizes clearly the importance
Jof experimental studies of the fatigue properties of
the materials as abas~s for estimating the fatigue
properties of the member o
Previous research into fatigue 'failure of prestressed
concrete beams has been entirely restricted to the rather
idealized situation of constant cycle repeated loadingso
In practice it i80f course far more usual for successive
loadings to differ in magnitude, and for the load history
to consist of a number of loads of different size, each
with a different frequency of occurrence o Studies of the
fatigue properties of prestressed concrete members under
varied loading patterns have not yet been made, and impor-
tant practical questions concerning the effect on fatigue
life of a relatively small nUmber of high overloads
regula:rlymixedwiththedesign loading have not been
'answered o
1 0 3 OBJECT·. AND· SCOPE OF JDWESTJrGA1'.ION
Intbi,s mv,e:st:1gBl,tloI1l. a, method is developed for
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predicting the probable fatigue life of under-reinforced
prestressed concrete flexu17al 'members under repeated:'
loadings of either constant or varied magnitude 0 The
'. m'etho.d is based on a theoreti'cal analysis of'the stresses
, ancldeformations in a concrete flexural member under
repeated loadings and on an' experimental study of the
. . , . . . . . '
fa~igue properties of a type' of high. strength steel used
extensively in the United"States ill the manufacture of
preterisi~necl prestressed' concrete structures 0 . To provide
detailed information on beam· behavior under fatigue load-
: i
ing, and to check the accuracy of tbemethod developed
for predicting fatigue life; static and fat:l.guetests
were conducted on eight prestressed concrete beams of
rectangular $ection o
'l'he fatigue properties of 7/16 incll diameter, seven
w~re; high strength prestressing strand were studied in
an experimental investigation involving constant cycle
tests, .e.umulative damage te8,t8, and static tests on
approximately l50'specimertso Equations were derived for
the probable fatigue life:of strand'elements under re-
peated loadings of either constant or varied magnitude.
The values. of the,'test variables were chosen so that the
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range of applicability of the resulting equations covers
most practical situations.
On the basis of an assumed general pattern of beam
behavior, an analysis was made of the deformations and
stresses in a prestressed concrete flexural member under
load. The resulting equations, together with the experi-
mentally determined strand fatigue properties, provide
a means of estimating the probable fatigue life of
flexural members, as limited by steel fatigue failure.
A method of obtaining a lower bound estimate of fatigue
life as limited by concrete failure, by considering
conditions in the extreme concrete fiber, is also in-
dicated. A comparison of predicted and observed fatigue
lives for the test beams 8hoW88atisfactory.corr~lation.
Beam fatigue teet data from previous investigations
provide very little quantitative information on beam
~ 16 ..
The prime purposes of the beam tests were to pro-
vide detailed information on the behavior of flexural
members under repeated loadings and to obtain test data
to check the accuracy of the methods developed in this
irivestigat"iDD for the prediction of beam fatigue life 0
,!,wobeamswere tested to failure statically, three.
were tested in fatigue under constant cycle loading, and
three were tested in fatigue with varied repeated load~
. ings 0 In addition to the. beam tests, a number of tests
were conducted on concrete cylinders to determine the
stress-strain properties of the concrete and the effect
on the stress-strain relation of a prior history of
fatigue loading 0
201 INTRODUCTION
T EST SBEAM FATIGUECHAPTER 2
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behavior under repeated loadings and so in this investiga-
tion particular attention was given to measurements of the
effect of fatigue loading on beam deflections and concrete
deformations. F~tigue 10aGling was io all cases continued
beyond the first wire failures 'to determine the post-fail-
ure behavior of the beamso
2.2 TEST SPECIMENS
The eight test beams were all twelve feet long, with
a rectangular cross section approximately six inches wide
and twelve inches deep 0 The longitudinal reinforcement
consisted of three 7/16 inch diameter high strength steel
prestressing stran4s placed at a.depth of eight inches
below the top surface of the beamo In the first four
beams manufactured, the nominal effective prestressing
force in the strand was 60 percent of the static strength;
in the other four beams the nominal value was 40 percent.
The specimens were thus divided into two groups of four:
Flthrough F4, and ~5 throughF8o Apart from static
tests to failure on one specimen from each group, the
beams in the first group were used for the constant cycle
fatigue testa, those in theaecond for the cumulative
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damage tests.
Full details of the specimens are contained in
Fig o 3 and Table 1. Actual dimensions of the beams given
in Table 1 vary slightly from the nominal values. The
effective prestressing forces, shown as Fsein Table 1,
also differ somewhat from the nominal values because of
variability of creep and shrinkage effects in the con-
crete. Strains in the steel due to initial and effective,
prestressiIl$ forces, E.8i 'and tee' are shown in Table 1
together with elastic and creep strains in the concrete
at the steel level, ~ and f).f. • Since it was impossible
'ce c.
to test all the beams at the same age, the effect of varia-
tions in age. at time of teet was minimized by ,cOIIIDencing
the tests approximately 150 days after manufacture of the
specimens. Actual ages at tilDe of commencement of test
are shown in Table 6.
Stirrup reinforcement was included in the shear
spans of the beams, but not in the pure moment test
regions. Six two~leg stirrups of 3/S-inch intermediate
grade reinforcing bar were placed in the end regions of
'each beam at six inch' spacings, as shown in Fig. 3.
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Materials
The concrete used in the beams was made from 3/~­
inch maximum size crushed limestone, fine Lehigh river
sand, and type III, high early strength Portland cement.
Sieve analyses of the aggregates are .bOWD as grading
curves in Fig. 4. The fineness modulus of the sa,nd was
2.65. The specific gravities of sand and coarse aggregate
were 2.65 and 2.69, respectively.
The same nominal concrete mix was usee throughout,
. .
although slight changes were made in the water content
of different mixes to adjust for variations in the mois-
ture content of the sand. An attempt was made to keep
the slump at approximately two inches. The concrete was
mixed in six· cubic foot batches in·· a horizontal drum,
positive action mixer for three minutes and then trans-
ported in.buggies to the prestressing bed. Five batches
of concrete were used in the manufacture of each group of
four beams.
In Table 2, details are given of the mix quantities
and the regions in the test beams where the different
batches were used. It will be noted that concrete from
only one batch was placed in the test region of each beam
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in order to obtain greater uniformity. Results of static
tests conducted at the time of the beam tests on three
cylinders from each batch are also contained in Table 2.
The strand reinforcement used in the experimental
work of this :fu,:vestlgation was obtained in two lots from
the manufacturer) John A. Roebling 8s Sons Corporation.
They were purchased as typical samples of high strength
steel prestressing strand and had gone through the normal
manufacturing processes of extrusion) cold drawing)
spinning) and stress relieving 0 Lot I was used in the
manufacture of the teat beams and also fora small number
of static and fatigue tests to determine its properties;
the strand in Lot II was used in the experimental study
o of strand fatigue properties described in Chapter 3.
Details of the chemical composition of both lots are
given in Table 3. The results of four constant cycle
fatigue tests conducted on specimens from Lot I are con-
tained in Table 5; these results are also plotted in Fig.
48 where they may be compared with the results of similar
fatigue testa conducte4on Lot II specimens. Although
the mean static strength of the Lot I specimens is con-
siderably lower than for Lot II -- 27.3 kips compared
with 28.56 kips - the fatigue strengths).tated as
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percentages of static strength, agree quite well. As
can be seen in Fig. 48 the results of the Lot I specimen
tests are evenly distributed around the mean S-N line.
The details of the test procedures used in the static
and fatigue tests of Lot I strand are similar to those
described in Chapter 30
Manufacture of Test Beams
The beams were manufactured four at a time in a
prestressing bed erected on the dynamic test bed in
Fritz En~ineering Laboratory. Three strands running
the length of the bed were positioned and tensioned to
the required initial prestressing force o Formwork and
stirrups wereaasembled for ·four be~s end to end along
the strands, and the concrete was placeQo After the
·concrete had set, the side forms were removed and the
beam surfaces were prepared for deformation measure-·
.~ents. The concrete was then covered and kept moist·o
At an age of approximately five days the strand forces
were gradually released, and the strand between the beams
was burned off close to the concreteo The beams were
stored for thirty days at a temperature of approximately
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70 degrees F. under wet burlap and moisture-proof plastic
sheeting. After this initial period of curing they were
stored in the laboratory at room temperature and
humidity.
Measurement of Prestressing Force and Losses
During the prestressing operations the strand
forces were measured with dynamometers placed at each
end of the strands. The dynamometers were made from
eight inch lengths of pipe, one and one-half out-
side diameter and one-half inch inside diameter. SR-4
strain gages were attached to the outside surface, and
the dynamometers were calibrated so that the strand
forces could be determined from the strain readings on
the side of the pipe.
A ten inch gage length Whittemore deformeter was
used to measure elastic strains and creep and shrinkage
\
strains on the sides of the beams. When the concrete
in the beams had hardened, grids of small aluminum
targets were cemented to both sides of the beams in the
test region in the pattern shown in Fig. 6. The beams
-22
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lay in an east-west direction during' casting and test-
ing and for convenience the gage lengths for deforma-
tion measurements were labelled' East (E), Right (R),
and Right-Right (RR) proceeding in the direction east
of the centerline» ancl West (W), Left (L), and Left-
Left (LL) proceeding in the direction west of the center-
\
lineo Grid points were placed at the steel level on the
north and south siaes' of the beam in the six sections
RR through LL 0 Additional grid points were placed in
the East and West Sections at six diffe:rCmt levels, as
shown in Fig o 6, so that in these regions the vertical
distribution of strain could also be measured 0 Elastic
. and 'inelastic strains in the concrete obtained from
deformeter readings made before and after release and
4uring the curing process were usee to determine the
elastic and inelastic concrete prestress losseso The
grid of gage points.described above waS.also used for
.deformation measurements during testing of the beamso
203 TEST PROCEDURE
All static and£atigue tests were conducted in the
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loading frame shown in Fig. 7. The beams were supported
on a ten foot test span with a hinged support at one end
and a rocker at the other to avoid any restraining
effects. Two equal loads were applied symmetrically to
the beams through steel distributor plates four inches
wide and three-quarters of an inch thick. The distributor
plates were grouted to the top surface of the concrete at
sections three feet from each support. Twenty-two kip
capacity Amsler jacks with spherical seatings at each
end were used to apply both the static and dynamic load-
ings.
Static ultimate strength tests were conducted on
beams F3 to F6; beams Fl, F2 and F4 were tested in
fatigue with constant cycles of loading; beams FS, F7
and F8 were tested in fatigue with a varied pattern of
loading.
Static Ultimate Strength Tests
For the static tests to failure, a pendulum dyna-
mometer was connected to the loading jacks to deliver
pressure and also to measure load.
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Loa68 were added to the beams in two kip increments.
Concrete deformations were measured on the grid shown in
Fig. 6 at each load increment; deflections were measured
at the load points and at the centerline with Ames dial
gages in contact with the lower surface of the test beam.
As the loading became high~ considerable creep occurred,
and in order to allow the readings to settle down to
relatively steady values a period of time was allowed
to elapse between the application of a load increment
.and the measurement of deformations and deflections. The
loading was increalieduntil failure took place.
Constant Cycle Fatigue Tests
An Amsler pulsator was used to apply pressure to
the jacks during the beam fatigue tests. The pulsator
consists essentially of a pump which exerts a constant
force in a pressure cylinder, and a piston within this
cylinder .. which produces a sinusoidal variation. in the
cylinder pressure. The varying cylinder pressure is
transmitted by pipes to the hydraulic jacks. Since
friction losses throughout the sys,tem are extremely
low, the oil pressure at the jack is used as an accurate
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measure of the applied load o Maximum and minimum pres-
sures in the jack piston are ·thus picked up and indicated
by dial gages mounted on the pulsator o By reducing the
amplitude of the sinusoidal pressure variation to zero
the pulsator can be used to apply static loads 0 Operat-
ing frequencies of 250 and 500 cycles per minute are
possible with the equipmento Fatigue loading was applied
in the constant cycle beam tests at 250 cycles per minuteo
Prior to the commencement of each fatigue test,
. • • I •
two static tests were conducted on the beam to loads
slightly higher than the maximum value to be used in
the repeated loaecycleo Fatigue loading was also inter-
rupted at regular intervals in order to make additional
static·tests~DeforiDationand deflection measurements
made during the static load tests indicated accurately
the changes in the response of the beam which occurred
in the previous sequence of fatigue loading. Crack
development was recorded in each static test during an
inspection of the beam while under maximum load 0 The
fatigue loading was continueti, with interruptions only
for static tests, until·failureo
In the first fatigue test, conducted on beam Fi,
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dynamic deflections were initially measured with a
small spring steel cantilever placed beneath the beam
with its free end connected to the lower concrete sur-
.face by a thin, vert; ical aluali.ll\B rod o Deflections
were recorded on brush equipment connected to strain
gages on the upper and lower surfaces of the cantilever o
Conaide;rable. "drift" occurred in the readings during
the initialsequenee of repeated loadings and prevented
accurate measurements of dynamic deflections.
This apparatus was replaced by Ames dial gages o
During fatigue loading the gages were taped down out
of contact with the moving test be8IDo '. Extreme deflec-
tions under dynamic load were obtained by untaping the
gage,holding the plunger, and allowing it to extend
alowlyupwards until it made contact with the lower
'$urface of the test'beam in its position of maximum
deflection 0 Dial gages used in this way gave satisfac-.
tory performance and were used to measure deflections'
..... at the centerline and load points during both' static and"
dynamic loading.
In order to preserve the centering of the jacks
on the distributor plates and the beam on its supports,
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a minimum load of 405 kips per jack was always maintained
on the beam. An attempt was made to obtain the same load
cycle in all three constant cycle tests so that three
replications would be obtained of the one fatigue test.'
,A comparison 'of dynamic deflection readings with the load
deflection curves obtained during the static tests pro-
vided an accurate measure of the actual loadings, includ-
ing inertial effects, on the beams. Details of the applied
loadings are contained in Table 6.
Cumulative Damage Tests
The cumulative damage tests were conducted in the
same manner as the constant cycle tests, except that the
fatigue loading varied between a constant minimum leve~
and three ,different maximum levels.' In order to mix the
three load cycles evenly and at the same time have a
repeated loading pattern which could be followed by the
fatigue equipment, the load cycles were arranged in
blocks which wer~ repeatedly applied to the beam until
completion of the te'st 0 Each block contained a total,
of 30,000 load cycles. As shown in Figo 8, the load
block contained, in order, 18,000 repetitions of the
smallest load cycle, 9,000 repetitions of the
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intermediate load, and 3000 repetitions of the maximum
load cycleo Since the size of one load block was always
very small with respect to the fatigue life of the beam,
an even distribution of the three different loadings
throughout the loading history was obtained 0
The cumulative damage tests were conducted using
the'Amslerjpulsator previously described 0 Since there
was no programmingarrangem.ent on this equipment " all
load changes were made manuallyo It was found that an
experienced operator could change the loading from one
level to the next within 200 cycleso
Static tests to loads slightly higher than the
maximum load cycle were conducted prior to and inter-
spersed through the fatigue loading in the manner des-
cribed ~or. the.constant cycle test.s 0 A minimum load-
ing of 308 kips per jack was maintained on the beams
to preserve centeringo The fatigue loading was applied
to beams F7 anaF8 at the rate of 250 cycles per minute,
to b~am F5 at 500 cycles per minute.; Apart from the
regular static tests, rest periods of from four to six
hours were introduced in each 24 hour period o
A comparis9n of dynamic deflection readings with
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static load-deflection curves again provided an accurate
measure of the loadings actually applied to the beams.
An attempt was also made in these tests to obtain the
same loadings on all three beams, but a theoretical
estimate of the inertial loading effect for beam F5,
tested at 500 cycles per minute, proved to be slightly
inac,curate. The maximum load cycle ~pplied to F5 was
for this reason approximately 0.2 kips smaller than that
used in F7 and F8. Values of the actual loadings are
given in Table 6.
2.4 BEAM TEST RESULTS
Static Tests to Failure
Beams F,3 and F6, which were tested statically,
failed in a manner typical of under-reinforced beams by
yielding of the steel and then crushing of the concrete
in the outer compression fibers. Cracking and ultimate
moments are given in Table 1.
The centerline deflections of the two beams are
plotted against load in Fig. 9. In the higher load
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range, F6, which had the lower prestressing force,
deflected considerably more than F3, although its
ultimate load is actually slightly· higher.
The completed cracking patterns for the beams are
shown in Figs. 10 arid 11. Cracks were restricted almost
entirely to the pure moment test region. One inclined
crack however formeq. in: t,he east shear span of each
beam, but never at any time did shear failure appear
likely. Astrong tendency was observed in these tests,
and also in the initial static tests conducted on the
fatigue specimens, for the flexural cracks to follow
a more or less vertical path to the level of the steel
reinforcement, then to branch into two opposing in-'
clined cracks. The tendency 1's clearly seen in the
patterns recorded in Figs. 10 and 11.
The observed cracking patterns on the north and
south sides were quite similar in the static tests,
and indeed also in the fatigue tests, and concrete
deformations at corresponding gage lengths on either
side of the beam were nearly equal. Average top fiber
concrete strains, extrapolated from the deformation
readings i~the East and West sections, are shown in
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Fig. 12. Maximum and minimum values of concrete deforma-
tions at the steel level were recorded in sections Rand
RR in beam F3, and in the West and LL sections in beam
F6, and are' plotted against load in Fig. 13. Since at
least one crack had formed within every gage length in
, each beam, measured concrete deformations were distri-
buted approximately linearly with ~espect to depth.
Beam Behavior under Fatigue Loading
Beam hehavior under fatigue loading followed a
common pattern in all six fatigue tests and will. be
described in terms of deflections, deformations; and
cracking patterns.
Deflections increased quite considerably under
fatigue loading, particularly in the early load cycles.
Deflections observed in the periodic static tests are
shown,. together with dynamic deflections, in Figs. 14
through 19 for the six specimens. In the figures,
. \
triangles are used to represent test points for· the
first static load cycle so that they will not be con-
fused with test points for the second load cycle •
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Dynamic deflections are shown by da~hed lines. Due to
unsatisfactory performance of the brush recording
equipment, accurate dynamic deflection measurements
were not obtained for beam Fl and hence are not shown
in Fig. 14.· .The three· dashed lines shown in Figs. 17,
l8,and 19 correspond to the three different maximum
load levels used in the cumulative damage tests. In
the constant cycle tests, where the ~atigue loading was
more severe, deflections continued to increase, though
at a decreasing rate, until the failure of the first
wire. In the cumulative damage tests, however, there
was a stronger tendency for the deflections to settle
down to steady values. Indeed in the test of beam F8
deflections actually began to decrease slightly after
600,000 cycles of loading •.
Concrete deformations measured on the sides of the
beams were greatly influenced by the. presence or absence
of flexural cracks. When there were no cracks in a
particular gage section, tensile deformations tended to
be very small, and were very little influenced by fatigue
loading. In beam F7, for example, cracks did not form
in the West region and the deformations at the steel
level in this gag~ length, at load 10.5 kips, are one-
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tenth those in other regions, as is shown in Fig. 20.
In beam F2, al.so,absence of cracks in :region R resulted
in relatively low deformations, as shown in Fig. 21. In
Fig. 22 the distribution of concrete deformations in
beam Fi in ~h~ East and West regions are plotted. Whereas
the di,tribution is approximately linear in the section
c~?taining a flexural crack, there is a sharp discontin-
qi~y in the distribution below the neutral axis in the
West region because of the absence of cracks in this
l.!·;
s.ection and the presence o.f cracks in adj acent sections •
Concrete deformations at the steel level in the failure
region at various stages of fatigue loading are shown
for.allbeams in Figs. 23 through 28. Values for zero
load have been obtained by extrapolation and are shown
as dashed lines. Average top fiber concrete compressive
strains, measured in the failure region, are shown for
each beam in Figs. 29 through 34. Values for zero load
have also been obtained by extrapolation and are shown
by dashed lines.
The patterns of cracking which formed during the
initial static tests were similar to those observed in
the static ultimate tests. Some extension of the exist-
ing cracks took place during the fatigue loading,
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particularly in the early load cycles, but no new cracks
formed in any of the beams as a result of repeated load-
ings. Most of the crack development due to fatigue
loading had taken place when approximately thirty
thousand cycles of loadini had been applied, after
which development was almost 1)il uatil after some wires
had snapped. The cracking patterns for all beams are
shown in Figs. 10 and 11 0
It is thus seen that after a short initial period
in whichd~flections and deformations increased,con-
siderably and crack extension took place, the beams
settled down - particularly beams F5, 7, and 8, on
which the fatigue loading was less severe -- to g~ve
a fairly consistent and constant response to 10ad o No
indication'was given in any of the beams of whether,
or not wire fatigue f,Flilure was imminent o
,The fracture of a wire in the beam could always
be detected by a distincrivesQund, together with a
small but sudden increase in maximum deflection and
a slight fall-off in load o The region containing the
wire failure was determined from the deformation read-
ings taken in the next static test. After sudden
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increases in deflection and deformations which accom-
panied the initial wire failure, the beams teadea to
settle down with a consistent response to loading, but
with slightly decreased rigidity. A considerable number
of cycles often separated the first and second wire
failures, but the interval separating successive fail-
ures tended 'to decrease'as the number of failed wires
increased. Thus the post-failure behayior of the beams
consisted of an increasing rate of change of deflec-
tions, increased permanent set,and steadily'decreasing
. rigidity. The seam fatigue tests were continued until
beam rigidity was considerably reduced by the failure
of four or five wires. When the wires began to fail
in the beams the cracking patterns began to extend. A
tendency was noted for those cracks which had already
become inclined under the initial static loads to take
almost horizontal paths and link together to form a
continuous pattern running through a considerable por-
tion of the test section at a level a little below'the
neutral axis. This tendency was particularly pronounced
in beam Fl and is recorded in the completed cracking
pattern for that beam in Fig. 10. Fatigue loaaing was
continued on one beam, F7, until so many wires had
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snapped that the static strength of the specimen had
been reduced to the value of the maximum applied dynamic
load. This test was terminated when concrete crushing
was observed in the top fibers of the beam. Another
beam, F8, was tested statically to failure after 5 wires
had snapped due to fatigue loading, its static ultimate
strength is recorded in Table 1.
Beam Fatigu~ Test Results
The results of the beam fatigue tests are recorded
in Table 6. Values of the applied loading have been
obtained by comparing dynamic deflections with the load
deflection curves obtained at regular intervals during
the static tests, and are average values taken over the
entire history of loading up to failure. The terms N1 ,
Ni' etc. in'Table 6 refer to the number of load cycles
at which the first, second wire failure, etc. took place.
2.5 CONCRETE CYLINDER TESTS
Static ultimate strength tests were conducted at
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the time of the beam tests on three cylinders from each
concrete batch to obtain the values of concrete strength \
. given in Table 20
In addition to the static strength tests, an addi-
tional 30 cylinders were tested to determine stress-
strain relations for the concrete and to observe the
effect upon the stress-strain relation·of a prior his-
tory of fatigue loading. Strain measurements were made
with two six inch A9 electric resistance strain gages
placed 180 degrees apart on the side of the cylinder.
In tests involving large numbers of load appl~ations,
a Whittemore deformeter was used with aluminum targets
cemented to the side of the cylinders to check the strain
gage readings against drift.
The first load cycle was applied statically to
allow strain readings to be made with a static strain
indicator. The'predetermined numher of load cycles
was then applied at a rate of 500 cycles per minute,
and finally the specimen was tested statically to fail-
ure with strain readings being taken at regular inter-
vals up to the ultimate load. Two different load cycles
were used for pre-loadingo Each cycle had a minimum
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load level of 20 kips, while maximum load levels were
100 and 130 kips. Concrete fatigue tests currently
btdiigconducted in Fritz Engineering Laboratory indicate
for this strength concrete that the smaller load cycle,
20 to 100 kips, may be regarded for all practical
purposes as an understress, i.eo to have an infinite
fatigue life.' Fatigue tests.to failure on three cylin-
ders indicated an average fatigue life of 300,000 cycles
for the 20 to 130 kip load cycle. Tests were conducted
with pre-loadings of 0, 20, 30,000, and 100,000 cycles
for each .of the load cycles. An additional test was ..
conducted with one million pre-loadings of the smaller,
. .
cycle. Each test was replicated at least three times~
Thestrairt readings from the final loading cycle.
to failure for each test are plotted in non-dimensional
. form in Figs. 35 tl:}rough42 •. The results of the initial
static test were used to determine the value of the tan-
gent modulus of elasticity at the commencement of the
test, Eco • The amount of inelastic strain in the
cylinder due to the repeated loadings,~f', was measured
,'. . ' c
prior to the final static test. Ultimate values of
stress and strain measured during the static test to
failure, f~and Eu ' together with the initial moduius
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, of elasticity, were obtained during the final test.
Mean values of these quantities are shown in the
figures.
301. TEST VARIABLES
Static tests were also conducted on a number of
static strength of the strand 0
The strand fatigue tests are divided into two
FATIGUE PROPERTIES OF
PRESTRESSING STRAND
specimens to determine the stress~strain properties and
CHAPTER 3
In the description of the strand fatigue tests and
analysis of ·resu1ts which follow, maximum and minLmum
.- 41 -
and either two or three different maximum leve1so These
. .
tests provided data on· the fatigue 1.ife of strand elements
subjected to varie<i patterns of repeated loadingo
groups 0 The constant cycle tests comprisi,.ng the first
group were designed to provide an empirical relation
between minimum and maximum stress level and probable
fatigue lifeo In the cumulative damage tests comprising
the second group, the specimen was subjected to a fatigue .
loading which fluctuated between a constant minLmum level
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stress levels and load levels are stated for convenience
as percentages of the static ultimate strength.
Constant Cycle Tests
The constant cycle fatigue tests were conducted with
minimum stress levels of 40 and 60 percent of the static
ul'timate strength. Various maximum stress levels were
chosen to give fatigue lives varying between 50,000 and
5 million cycles for each minimum stress level. Apart
from several tests which yielded fatigue lives outside
of this main region of interest, at least six replica-
tionsof each test were made. Details are given in Table
, 9,of the different values used for maximum and minimum
stress'levEds and ,of the number of test rep1.icati~~S~"Oue'
'test, with minimum and maximum stress levels of 60 an.d 80
percent, was replicated 20 timesin order to obtain ~nforma­
tion not only on mean fatigue life but also on the manner
in which the different values of fatigue life were dis~
tributed around the, mean.
Cumulative Damage Tests
The strand cumulative damage tests were conducted in
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a manner similar to the beam cumulative damage tests, by
repeatedly applying to the specimen a block of load cycles
until it failed in fatigue 0 A constant minimum stress
level of either 40 or 60 percent was maintained in each
block of load cy~les, while tbe maximum stress level varied
between two or three different values, as shown in Fig. 43.
The smallest load cycle in any block was also the most
frequently occurring and will be referred to as the design
or predominant loading 0 The larger, less frequently
occurring load cycles maybe regarded as overloadings. In
some tests the design load was smaller than the fatigue
limit indicated by the constant cycle test data, in others
it was higher. The overloadings, however, were always
larger than the fatigue limit.
In one series of tests the main variable was the'
number of cycles contained in the load block. ." Otherwise,
th. size of the load blocks was chosen to be approximately
one-tenth of the expected fatigue life.
In general,'thecWDulative damage tests were replica-
ted either two or three times, but in one case ten replica-
tions were made to observe the distribution of the values
about the mean.
I
I
I
I
I
I
··"1..
I
I
I.
I
I
'1
I
I
I
I
I
I
-44
3.2 SPECIMENS
Strand test specimens were taken from a fifteen
hundred foot length of seven-sixteenth inch diameter strand,
which was d~signated Lot II. The chemical composition of
the steel is. shown in Table 3. The strand was cut into
- - "#- --
seventy-four lengths approximately twenty feet in length;
two specLmens were taken from each length and were numbered
consecutively in order of use. Thus, each specimen has a
length-nUmber~ prefixed by the letter L, and a test number,
prefixed by the letter S; for example, L36-S45, etc. To
minimize the effect of possible variations ,in material
properties along the fifteen hundred foot sample, the
test lengths were used in random sequence.
The specimens were held with a device which was
designed to minimize stress concentratioRs and hence pre-
vent premature fatigue 'failure in the gripping region.
After a number of different methods had been tried, a
gripping arrangement was finally adopted in which the
force in the test piece was transmitted partly through a .
cement-grout bond anchorage and partly through a strand
vise anchorage at the end of the specimen. Details of
the grip are shown in Fig. 44.
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
··1..
I
I
-45
The specimens were prepared in pairs. A twenty foot
length of strand was tensioned to 70 percent of the static
strength in a small prestressing frame, and the elements
'of the gripping devices were assembled around it. When
the force in the strand was released, the strand vises
at the end of each specimen retained a force in the test
piece of approximately 45 percent of the static strength.
A stiff sand-cement-water grout, of proportions 1.3:1.0:
0.3, was then packed by hand around the strand and the
transverse tension bolts. The specimens were left a
minimum of twenty~four hours, and, just prior to testing,
the transverse bolts were tightened. The spacing piece
was removed only when load was applied to the specimen
at the beginning of the test.
3.3 TEST PROCEDURE
A general view of the strand fat~gue testing arrange-
ment is shown in Fig. 45. The specimen was tested in a
vertical position, with the lower end pinned to a solid
base and the upper end pinned to a horizontal beam. The
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beam was pinned to a supporting frame at one end and
rested at the other on a 22 kip capacity Amsler jack.
Dynamic load applied to the jack by an Amsler pulsator
induced a dynamic reactive force in the test specimen.
The loadi~gs were applied at a rate of 500 cycles per
minute.
In several tests'dynamic strain measurements were
made with SR-4 gages attached to the upper and lower
surfaces of the beam and to individual·wires in the .
specimen. A comparison of dynamic strains with strains
measured under 'static loading indicated that inertial-
effects were negligible •. The test set-up was calibrated
so that the jack·loads,.irtdicated on dial gages attached
to the pulsator, could be used as a measure of thespeci-
men loads."
In the first fatigue tests, which were conducted
with 60 percent minimum stress levels, the specimens were
positioned halfway between'the beam·supports. In order
to improve the accuracy with which the loads in the
specimen were measured, the testing set-up was modified
to' allow specimens to. be ". positioned at the quarter point
closer to the jack. To maintain uniformity in the test
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results, however, the remaining 60 percent minimum stress
level tests were conducted at the half-point position,
while all of the 40 percent minimum stress level tests
were conducted at the quarter-point.
The static specimens were tested in a 300 kip capacity
Baldwin Universal t~stingmachine. The gripping arrange-
ment developed for the fatigue tests was used also for
all static strength.tests~ Load-strain curves were ob-
tained frpm elongation measurements made over a 50 inch
gage ,length with Ames dial gages. To compare the average
strains measured in the strand with actual steel strains,
several tests were conducted with strain gages attached
to individual wires in the test piece.
3.4 TEST RESULTS
Static Tests
The results of the static ultimate strength tests
on Lot II strand are contained in Table 7. All specimens
failed in the open length of strand between the end grips.
A mean load-strain relation, obtained from elongation
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measurements on a 50 inch gage length, is shown in Figo
46, where it is compared with a load-strain curve obt'ained
, using SR-4 gages attached to individual wireso The lower
value of the modulus of elasticity of the, strand, 28 0 0 x
106 posoi. as against 30 0 0 x 106posoiofor the individual
wire, is probably due to a tendency for the twisted wires
, to straighten slightly under load 0
Constant Cycle Fatigue Tests
The constant cycle fatigue test results are contained
in Table 8, 'where values of the minimum and maximum stress
levels are given, in percentages of static strength, togeth-
er with the number of load cycles at which the first wire
in the strand fracture~L The results are summarized, for
purposes of analysis, in Table' 90
One of the six outside wires was always the first to
fail in fatigue. Successive failures occurred in other
outside wires until the remaining wires were so overstress-
ed that they failed staticallyo Those wires which had
failed in fatigue could be clearly distinguished by a
typical fracture surface containing a crescent shaped
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fatigUe crack o
The number of load cycles separating the first and
second wire failures was variableo Sometimes the first
and second wires sriapped almost simultaneously, with com~
plete strand failure following quicklyo On other occas~
ions, usually in tests with smaller load cycles, the inter~
val was largeo Always, however~ considerable elongation
occurred in the specimen when the first wire failed.
In the majority. of the specimens the failure section
was in the open region between the gripping pieceso When-
ever the failure was within the grips, a careful inspec=
tion was made to determine whether the strand had rubbed
against the steel front end block of the gripo. In one
test, Ll-S2, this had actually occurred because of in-
correct grip alignment during manufacture and caused a
considerable' decrease in fatigue life. This test is
marked with an asterisk in Table 8 and is not included
in the analysis of the resultso
The fatigue life of specimen L4-S6 was much lower
than for other similar tests o An inspection of the fail~
ure section showed that fatigue had taken place in one
of the wires in a region where a weldment had been made
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during manufacture of the strando This test result,
indicated by a double asterisk in Table 8, is also dis-
carded in the analysis of the resu1tso
Cumulative Damage Tests
Fatigue failure under cumulative damage loading was
similar to constant cycle fatigue failureo However,
actual wire fracture only took place during the applica-
tion of overloadingso Even when several wires had already
failed, further failures did not occur while loadings were
being applied which were smaller than the fatigue limito
The results of the cumulative damage tests are con-
tained in Tables lOthrough 150 A small number of the
cumulative damage test specimens failed prematurely as
a result of rubbing of the strand against the end block
of the grip; the test results are given in the tables,
but are marked by asterisks and are not used in the
analysis of the results o
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Scatter is. inherent in the results of all experimental
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work.' It is presented in the quantities being measured
because of, the essential variability of material proper-
ties; it is further introduced by imperfect methods of
measurement and testing. Often the order of the scatter
is small in comparison with the magnitude of the quantity
being measured; in which case the quantity is adequately
represented by the mean value. Thus, the static ultimate
, strength of the Lot II strand can be taken as 28.56 kips,
the mean value of the test results in Table 7.
, On so~e occasions, however, the deviations of results
of similar tests from the mean value can be of the same
order as the mean value itself. Such a situation has
occurred in the constant cycle fatigue test data. For
example in the group F data in Table 9, the fatigue life
observed in twenty replications of the same test varied
between 235,800 cycles for specimen L64-S37, and 40,900
cycles for specimen L16-S46. Although a portion of the
scatter in fatigue test results, can always be attributed
to experimental technique, it is now generally recognized
that considerable variability is inherent in the phenomenon
'(13)
of fatigue failure. '
With scatter of such magnitude in the results of
-52
similar tests, simple S-N curves and fatigue envelopes
are clearly inadequate representations of fatigue proper-
tieso It is therefore necessary to associate varia-
bility with fatigue failure by treating the values of
fatigue life observed in test replications as a sample
takenfrolllan'infinite population of values which is
distributed in some manGer about a central or mean value
and is represented by some distribution functiono Thus,
for any load cycle which might be applied to a specLmen,
we consiCiler the probability E)f failure, 'p, 'to vary be-
tween zero and unity, and with each value of P we
associate a ~ber Nt .uch that the probability is P
that failure will occur at a number of cycles equal to
or leas than No
Several investigat'ions have been conducted in order
to obtain information on the shape of frequency distri-.
butionsassociatedwitli the phenomenon of fatigue fail-
(15)
ure o MUller-Stock made 200 replications of a con-I ' ' , ,
stant cycle fatigue test on steel specimens and obtained
a distribution having a pronounced skew with a long right
hand tail o Freudenthal (13) obtained similar results and
has shown"by a theoretical argwaent using several reason.-
able but approximate physical assumptions, that the
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region "ound the mean v.ll,l8. it may not represent extreme
distribution should be approximately logarithmic-normal.
(3.1)
(3.2)
(X~jJ-)2
, '2 /t"" 2 dX
\J •
• e
-ce
, \XP = F (X) =. 1. 'e0) 21\ i.:.,· .
f(X) = 1
(fJ2Ti{·
where x, - log N.
values very satisfactorily". In most cases. however, test
data ienot extensive eao~h to provide information on
anclcUQNlative distribution fuaction
(16) •
Weibull . has suggested that although the 10$-
normal distribution may fit test data well in the central
the distribution at a distance from the mean value. and
the 'log;':normal distribution has been used' in a number of
. i' . i . (17)recent 4nvest gatons.
The log-nor.al distribution has the probability
.density function
. and ., f"" and·' (f"" are the mean ,and standard deviation of
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have been obtained.
reduces each set of data to one with ,a mean of zero and
the population of log N values. The functions f(X) and
(3.3)log N - log N
D
Z =
the set of data being grouped. This change of variable
test for the grouped data are contained in Table 17. The
*For-a-des~ripti~n~of the --;-2 test, see p. 85, Ref. 18.'
by making a change of variable from' log N to Z.~
stant cycle fatigue test data is compared with the log-
2
normal distribution in Fig. 47. The details of the X,
In order to investigate the suitability of the log-
normal distribution to the constant cycle fatigue test
1 f h"· i" 'V 2 dn f firesu ts 0 t ~s ~nvest gat~on a'~ goo ess-o - t test
F (X) are completely determined when values for }Jv and <.l
and log Nand D are the mean and standard deviation of
waaconducted on the 20 replications of the group F
,* ' 2data.' The details of the 'X,., test are contained in
Table 16. A "Iv 2 value of 1.2 was obtained which was well
within the .05 significance level., A second ~2 test was
conducted using all of the test data contained in Table 9.
, where
,'standard deViation of unity • A plot of the grouped con-
, The data for different load cycles were grouped together
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2· Irxv value of 10 0 .]0 is again well within th~/JOo05 signifi-
cancel level value~
The assumption of a log-normal distribution is
I
':
','
apparently in reasonable 'agreement with the test data
and will be made throughout this investigation 0
In Figo 48 fatigue life N has been plotted on logar-
ithmic scale against maximum stress level for the con-
stant cycle fatigue data o Although the tests were not
designed primarily to ,indicate values of the fatigue
-limit, SL' approximate values of 71 ancd 55 'percent have
been obtained for the 60 and 40 percent minimum stress
levels, respectively, by extrapolationo
In Fig 0 49 the two seti\ of data have been plotted
together using variables R = (Smax ~ SL) and log No A
mean line has been fitted to this data by using a rela-
. tion of the form
al
- log N = R + a2 + a 3 R0
The method of least squares was used to obtain the
following three simultaneous equations for the evaluation .
of the open parameters a p a 2 and a 3 ;
Equations 3.4 and 3.5 provide values for the mean
(3.5)
"
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n
+ °3 .LR/
i= 1
l!'ll
+"2'r Ili";' ",'L"';'
i = 1
SL = 0.8 S i + 23.m n .
1.4332
log N = + 5.5212 + 0.0486 R ,
R
n' n n.
a l L 1 + a 2 [ 1 + na3 =L log NiR'7 Ri Rii
i-I i= 1 i= 1
n n n
a l ~. 1 +
·-2' + °3L ai - ) log Ni-Ri
i= 1 i= 1 i = 1
where R = S - SL.max
the following equation is obtained for the fatigue limit;
Assuming a linear variation of SL between the 40 and 60
percent minimum stress level values of 55 and 71 percent,
Solution of these equations yields the relation
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The best unbiasecl estimate of the standard devia-
tion of the population is given by
fatigue life corresponding to any stress amplitude in
the region under cGnsider$tion o Since values of both
the mean and standard deviatiGn are required to specify
completely the log~normalfrequencydistribution, it is
now necessary to obtain appropriate values for the stand- '
ard tleviation corre,spol'uling to each stress amplitude 0
where n is the number of replications and log N is the
mean value for the sample o Values of D for the seven
s.ets of. test data are plotted against R in Fig 0 500
Considerable variation occurs among the points o Achange
in the position of the 'test specimenS ·in the loading rig
from center to quarter-point has reduced the scatter of
the 40 percent minimum stress level test results quite
considerably 0 However, a fairly consistent trend is
followed. Both the quarter-point and center-point set-up
data yield reasonably linear variations of Dwith R. The
1
... loi N )2} 2'
1m
L(lO& N
i = 1
[
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n:rD -
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The S-N-P relation is thus given by the equations
larger values corresponding to the center-point load
position are probably due in part to larger experimental
errors associated with that set-up.
/ ,
(3.6)
(3.2)
(3.6)
dX,
2(X- p..)
2 (J2
eP = F(X) - 1 __
cr) 21\~::'
R = S -(0.8 S in + 23);max m
x = log N;
D = 0.2196 - 0.0103 R.
cr = D = 0.2196 - 0.0103 R.
1.43'32M &I: log N = R +5.52L2 .0.0486R, (3.4)
where
where
and
The use of anything but the simplest relation is
unwarranted by the test data available, and, for the
purposes of this investigatien, a straight line variation
is assumed and fitte. to the seven points. A least
sCl~res'fit to these points yielas for the standard
, deviatio,n,
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Values of P correspon«ing to values of X in Eq.
3.2, and vice versa, can of course be obtained most
easily from standard tables~18)
It should be noted tha.t the above equations have
been. derived fox: the following ranges of variables;
40 ~ S i . ~ 60IBn
o <:. R ~ 15
3.6 ANALYSIS OF CUMULATIVE DAMAGE TESTS
Several procedures for predicting fatigue life under
varied repeated loadings have been suggested in previous
investigations, and it will be convenient to review the
more important of these before considering the results
o£theexperimental work conducted in this investigation.
Review of Cueulative PAmage Theories
A general; quantitative theory of fatigue failure
I
must obviously be based on assumptions which describe,
at least approximately, the fundamental physical and
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metallurgical changes which take place in a material
subjected'to fatigue loading. It will shortly be seen
that investigators are not yet in agreement even on the
e••e~ti.l nature of the fatigue failure mechanism, let
alone on general priaciples which yield quantitative
data on fatigue·life. ·Extensive inE[!tallurgical studies
. .
.will' be necessary before satisfactory progress can be
. made towards this goal.
Quantitative information on the fatigue propertie~
of materials must therefore come at present from e~gineer~
ing studies which are phenomenological aRe experimental
ia n~ture,andheace restri.cted in application.
One of the earliest, simplest, and most widely.
known procedures for predicting mean fatigue life under
repeated loadings was suggested by palmgren(19) and
'1' . b . (20) hi . h h 1 .ater y M4nero .In t 8 approac t e cyc e rat10,
ri' is defined for a stress amplitude Si as
r. =
hi
....... ,
4
Ni
whereni 1s the number of cycles of Si loading which have
been applied to the specimen, and Ni is the mean fatigue
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life corresponding to Si. It is assumed that fatigue
damage accumulates in the epecimen in direct proportion
to the sUm of the cycle ratios •. Damage is complete and
failure takes place when the summation is equal to unity,
i.e., for q different stress amplitudes, when
q q
L\ := L ni • 1 (3.7)--Nii-I i= 1
Two series of tests conducted by Miner on aluminum alloy
specimens yielded mean summation valu•• of 1.05 and 0 0 98,
with extreme values of 1.49 and 0.61.
Tests conducted by other investigators have in some
cases yielded results differing considerably from unity.
. . (21)Dolan, Richart,'and Work . conducted rotating beam
tests on steel and aluminum specimens with blocks of
load cycles as shown in Fig. 51. To summarize briefly
the results of their tests it is convenient to consider
two cases: (a) testS in which the smallest stress level
in the block is less than the fatigue limit, i.e. is an
understress; (b) tests in which the smallest stress
level is larger than the fatigue limit and is'an over-'
stress.
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.In the first case, large numbers of understresses
had no apparent effect on the fatigue life of ,specimens
of SAE 2340 steel and aluminum. On the other hand,
damage wa$accelerated. in specimens ofSAE 1045 and
4340 steels, when the understresses were mixed with
overstresses. In the second case, with all the stresses
in the load block above the fatigue limit, the fatigue
life was frequently founcl to be close to the S-N value'"
of the minimum stress level when maximum and minimum
stress levels were close together. An interesting
result of their experimental work was that load blocks
A and G, shown in Fig. 51, gave quite similar fatigue
lives.' Values of the sum of cycle ratios for the tests
varied betw~en 0.18 and 23.0, with only a small number
giving the.value of unity. However, since the tests
were not designed to provide quantitative data'on
. scatter of test results,no conclusions can be drawn
on how much of the variation is due to inherent and
experimental variabilit.y and how much .due to inapplica-
bility of the linear summation procedure.
Richart and Newmark(22) suggested a more general
relation between damage and cycle ratio, ef the form
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nD = r
where the exponent n depends upon the stress level. This
approach unfortunately (s restricted by the necessity of
determining the D-r relations experimentally. In a re-
. (17)
view of research on fatigue, Grover et.alia~ _ found
that the' test uta of 'Richart and Newmark gave 2..:
values not too much out of line from those of Miner's
tests • They further obse,rved that the experimental
evidence which is in disagreement with the linear cdn-
cept consists of tests with only two or three different
stress amplitudes, and that better correlation may be
. obtained if the stress amplitudes were applied in ran-
dom sequence and with at least five different stress ,
levels.
Within the last few years considerable importance
has been attached to studies of fatigue life of struc-
tural parts under spectrum and random type loadings.
Interest in such studies at present comes mainly from
the aircraft industry which faces problems involving
fatigue of airframe parts subjected to high frequency,
randomly varying loads 0
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In a dis'G:Wlsiell ef aceustical fatigue failure under
(23)
spectrum 10a4ing, Freudenthal refers to the exis-
tence of two basic fatigue mechanismso In the so-called
high level mechanism, corresponding to the short life
part of the S-N rela,tioa, the mechan.ism of aeformation
is akin to that ~bserved in uni-directional s~&tic
deformation 0 In the other basic mechanism, which applies
to the flatter, low level portion of the S";N relation,
le$$ strain hare:teli)iag aad Rei> siS'nificamt ee£ermatien
takes place, but a multitude of fine slip l!>ands form,
congregated in striations o The location of the transi-
tion range from one mechanism to the other is, accord-
ing to Freudeathal, affected by a large number of
variables and canaot be pin-pointed accuratelyo
The principal effect of the existea:ee ef tW0
mechanisms is an interaction between fatigue damage at
different stress amplituaeso Freudenthal sug~ests that
interactieR between stress levels within the high level
region will be slight, but that inte~ttent high stress
cycles will accelerate the propagation of cracks at the
low stress levels o Thus, a so-called Ron-prepagatiag
crack at the lower amplitudes is likely to start to
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propagate as a result of a few high level stress cycles o
Freudenthal claims that intermittent cycles of over-
loads must be expected to shorten the fatigue life under
low stress amplitudes far beyond the immediate damage
associated with them 0
In order to make quantitative estimates of fatigue
, ,
life, Fr~udenth8l suggests that the interaction effect
be taken into account by constructing a fictitious S-N
diagram" for the particular load spectrum to be considered o
Interaction factors, Wi' corresponding to each stress
amplitude Si' take the form of simple ratios between
mean, constant cycle fatigue life Ni , and the fatigue
,
life Ni obtained when the stress amplitudes of the load
spectrum above S. are interspersed with S. in the over-
~ ~
all ratio defined by ,the spectrum 0 To obtain a reason-
able approximation to the SOoN' diagram, the real S-N
relation at the 50 percent probability level is assumed
to be of the form
which plots as a straight, line on double logarithmic
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representation, and passes through a reference point
(Nl , Sl). By choosing this point to be the boundary
between high level ana low level fati8\le - thus be-
tween slight: and strong interaction- arid by changing
the exponent 'V to .? ,the S=N° relation
is obtained for the region Ni -~ Nl • In the region
N~ < Nl , where interaction is slight, the two S-N
relations for Ni and N~ are assumed to coincide.
Exper~men~al figures quoted by Freudenthal for
aluminum alloy and 4340 steel, with 8 < \l < 16, an«an
- -
exponentially shaped load spectra, shows J values
varying between 4 and 8, the lower values being
characteristic of more severe spectra and shorter
fatigue lives.
- - - . U4}In a discussion of rreudenthal's work, Coffin
agrees that interaction will occur between different
stress levels, but disagrees on its cause. Referring
to tests conducted on specimens of AISI type 347 stain-
less steel he points out-that the hypothesis of high
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and l~w level fatigue mechanisms is not supported by
observations of the stress-strain characteristics
observed during testa Coffin attributes interaction to
mechanically induced structural changes in the metals
which take place during the high loadingo
In a recent stuiy of cumulative damage, Liu and
Corten(25) assume a simplified physical mechanism of
. fatigue crack development which beginsw1th a so-called
nucleation period in which permanent fatigue damage is
initiated by the formation of a number of damage nuclei 0
The nuclei then extend and join", to form fatigue cracks
which propagate at a rate that increases as the number
of cycles of applied 'load increaseso Damage is assumed
to occur at stress levels which are lower than the
minimum stress required to initiate damage, the rate of
propagation depending upon the stress levelo Liu and
. Corten'express the fatigue damage causedbyN cycles
"of stress ampiitude as
D = m c ~
where m is the number of damage nuclei, c is a coeffic,ient
of crack propagation, and a is a constant to be evaluated o
Now the damage at failure, Df , is the same no matter what
to
-68
1
q
L
1
a+c! (l .. "a)a
N =Ng" 1
N - Ng 1
Extensive cumulative damage tests were conducted on
In treating a lead hi&to~, centatRing tWG different
the stress history, and so, considering two constant
levels, it is assumed that the damage nuclei are initiated
tensile wire specimens of 2024-T4 and 1075-T6 aluminum
cycle lea4 histeries 51 and 52'
only at the upper stress level, Sl~ but the damage con-
tinues at both "levels 0 • Letting C = c2lcl and assUiling
al - 8 2 = a, Liu andCor~en develop the following expres-
sion for the fatigue life, N ,g
where a is the proportion of 51 cycleso Whenq different
stress levels are employed, the expression is generalized
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l/aThe terms C was evaluated
d
5.778
3.300
5.98
Material
2024-T4 Alloy
7075-T6·Al1oy
Hard Drawn Steel
Although Eqs. 3.8 ana 3.9 give a somewhat better
with values of the constants So and d given as fe11aws:
tended to be less thaa the values predictea 9Y the linear
empirically as
alloy and hard drawn steel.
a load block were close together, observed fatigue lives
correlation in the test data of Liuand Corten than does
Eq. 3.7, it is interesting to note that extreme values
quoted for I .~ for the different tests· are 1.7 and· 0.8, .
which are comparable with MiRer's values, even though
this experimental work is considerably more extensive.
The mean value of ~ i for the test Qata given is 1.12
with a stanc:lard deviation of 0.213. It is interesting
summation theory, whereas the opposite trend was observed
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in the results of Dolan, Richart, and Work o
In this brief review of work on cumulative damage,
the phenomenological nature of the various approaches is
clearly to be seen 0 Even in the more recent work, such
as that of Liuaud Corten, ia which quantitative studies
are based Oft assume_ failure mechaaisms, 80 many simpli-
fying~ssumptionshave to be made that the work remains
essentially phenome~legica1andempirical o The theories
and procedures reviewed were all concerned with estimat-
ing the me.an fatigue life ef specimens Uflder varied load·
cycleso Apart from brief discussion on the scatter of
test results and possible fQn1J8 which the freCiluency
. . ... .. (23)·· '.. ..
distributions might take,· no work has been done to
provide quantitative information on the variaDility of
·fatigue life under varied·loacl·cycleso
Mean Fatigue Life Under Varied Load Cycles
In Tables 10 through 15 a comparison is made between
fatigue lives observed in the tests and values predicted
. by Eq 0 3 0 7 and by Eqs 0 308 and 3 0 9 0 The values of I ;
observed in the tests were quite close to unity, indicating
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reasonable agreement between experimental and predicted
values. The mean of the ~ n values for all tests is
N
0.97, with extreme values of 0.48 and 1.65 and a stand-
are deviatiCim of 0.224. This value for the .t&adard
deviation is quite comparable to the values &iven in ,
·NTable 9 for the standard deviation of the quantity N
obtained in the constant cycle tests. Sinee
where Ne is the observed fatigue life and Ntis the
value predicted by the linear summation theory, the
vC!iriabilities of the cumulative damage tests and con-
stant cycle tests, as measured by the standard devia-
tions, are of a similar order. It therefore appears
n
reasonable to attribute the observed scatter in ~ N
to inherent variamility in the test data rather than to
inapplicability of the theory.
It will be noted that there is no evidence at all,
in the test data, of the damaging effect of understresses,
even when mixed with overloadings. On the contrary, there
is a slight but fairly distinct tendency for understresses,
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i.e. stresses lower than the fatigue limit, to improve
fatigue resistance. This may be seen in the results of
tests 3AA, 3BA, and JDA, which are contained in Table 10,
.and the results in Table 11, where the summation values
. are always .a.littleabove unity. That this improvement
. .. , . .
'isactually due to the presence of the understresses and
is not simply the beneficial effect of intermittent
application of the overloads is indicated by tests 4AA
and 5AA. These tests, in which the understresses are
of zero amplitude --i.e. correspond to rest periods
gave summation values slightly less than unity.. The
evidence is of course insufficient to establish a
definite trend of improved fatigue life with the presence
of under.tresses, however it does seem reasonable to
assume in the following that understresses will not
contribute to fatigue damage.
Although no interaction effect can be observed
between high and low str·ess 'levels ,.:test$ 5CA .and'·"
.' . \.~~
6BA, in which the stress blocks contain three different
overstresses, yield summation values considerablY"less
than unity and might indicate an interaction effect. For
tnese two tests, Eqs.3.8and· 3.9 yield better results
thanEq.3.7. However, the two.other tests with three
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overstresses, SBA and 6AA, both have summation values
greater than unity. No definite trend is therefore in-
dicated.
In view of the very reasonable agreement between
test results and values predicted by the linear theory,
Eq. 3.7 will be used in this investigation for the pre-
diction of mean fatigue life of strand reinforcement
under varying cycles of repeated loading.
Probable Fatigue Life Under Varied Cycles of Repeated
Loading
It was seen earlier that fatigue life under constant
cycle loading is distributed log-normally, at least to
first approximation, about the mean value. It seems
reasonable to expect a log-normal distribution to apply
approximately also to fatigue life under varied load
cycles. If the log-normal assumption were made, probable
fatigue life would be established by the value of the
mean fatigue life, given by Eq. 3.7, together with a
value which would have to be estimated for the standard
deviation. Instead, however, of assuming a log-normal
distribution and proceeding to study possible methods of
relation of the form
-74
the equation
for mean fatigue life would be used which provides a
(3.10)= 1(l-a) N(0.5)N2 (0.5)+
a N(0.5)
Nl (0.5)
estimating the standard deviation, a direct approach is
made, in the following, by generalizing the linear accumu-
L:" = 1
lation theory so that it may be applied at all probability
levels.
In general, considering possible conditions where
the linear accumulation theory may not yield satisfactory
estimates of mean fatigue life, a cumulative damage theory
Considering a load history which consists of two
stress levels, 51 and 52' occurring in the proportions a
and (l-a) , the mean fatigue life of a strand is given by
or
where Nl (0.5), N2 (O.5), and N(O.5) are the mean fatigue
lives corresponding to 51 ,-52 , and the combined loading
respectively.
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+ N1 (0.5) }
(3.13)
to apply to all probability levels. It will be noted that
although the fatigue lives at 5 and 5 may be log-normally
1 2
distributed, the distribution obtained from 3.12 for values
of a other than·zero and unity will not, in general, be
log-normal.
where 0 ~a ~ 1. Equation 3.11 describes a relation
between N(0.5) and a, as shown in Fig. 52. However the
fatigue lives corresponding to 51 and 52 actually con-
sist of distribution functions with ranges of Nl and N2
values corresponding to different probability levels,
as shown also in Fig. 52. In order to obtain curves
corresponding to probability levels other than 0.5, it
appears reasonable to assume that the form of the N-a
relation will not alter with the probability level, and
that Eq. 3.11 may. be generalized to
(3.12)
(3.11)
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= 0,
P[N (P), a] = 0
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and generalized aceocdiag to 3.12 to
Equation 3.14 allows the fatigue life to be deter-
'., .
. mined for any prolDaeility level saG aay cembination of
51 and 52. In Fig. 53 a diagram has been constructed
similar to Fig. 52, usiBg Eq. 3.14 anal N values corres-
ponding toa iO percent minLmum stress level and 80 and
85 percentva~\1esfor_ 51 and 52. These 10a4 cycles were
. , ~.:<', "; .
used in cumulative damage test 3FA, the results of which
are con~ained in Table 15. The predicted cumulative
frequency Qi8tri~ution is comparee with the distribution
of ten replications in Fig~ 53.
This number of test replications is of course too
small to· provide justification for the generalization
from 3.11 to 3012, but in view of thecamplete lack of
other test data, the reasona1:>leness and simplicity of
the procedure, and the very fair correlation between
. these few tests &ad the predicted di-atribution, it will
be adopted in this investigation.
- . .
Whenq different stress levels are c~ined with
.. relative frequencies of occurrence ai' Eq 0 307 may be
1
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1
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generalized in the above manner to yield
q
L ai N(P).... Il: 1Ni (P)i = 1
or
(3.15)
for any probability level P. " Equation 3.15 will be used
in this iavestigatiGft, tOI.the~ with the censtant cycle
S-N-P relation, represented by Eqs. 3.2, 3.4, and 3.6
to predict the probahle fatigue life of strand specimens."
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CHAPTER 4 ;;;.B.....;E=-...;;A.;;..,;..M~_B::;.....::E=--::H:.....;;,;;A~V_I~O:;.....;:;.;R~_U;:.....:N:.:....=D:.--=E:....R=:.
REP EAT E D F LEX U R ALL 0 A DIN G S
4.1 INTRODUCTION
To use the information obtained in the previous
chapter for the prediction of the fatigue life of a pre-
stressed member containing strand reinforcement, it is
necessary to know, or to be able to predict, the response
of the beam to load. In particular, it must be possible
to determine the relation between steel stress and applied
moment in any given load cycle, so that the loading his-
tory of the beam can be transformed into the correspond-
ing stress history for the steel.
In this analytical study, a detailed analysis is
first made of the response of prestressed concrete members
of rectangular section with the steel reinforcement placed
in one horizontal layer. The more complicated cases of
beams with the reinforcement distributed between several
levels and beams with I sections are then treated briefly
in turn.
-78-
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Loading is considered in two stages; zero moment
to Mon and M to static ultimate moment, where M is theon on
moment at which cracks begin to open. In the first load-
ing stage, increments of strain in the steel and concrete
are relatively small and linear stress-strain relations
are assumed for both materials. Previously formed flex-
ural cracks are closed in this initial loading stage by
the internal prestressing force, and so the cracked
regions are assumed to behave elastically provided the
stresses remain compressive, i.e., provided Mon is not
exceeded.
Conditions in the second stage of loading are con-
siderably more complicated. The analysis of beam behavior
is based on a consideration of the following:
(a) Stress-strain relations for concrete and steel,
(b) An assumed pattern of deformation in the beam
in the region of flexural cracking,
(c) Equilibrium of internal forces.
The results of the experimental work of Chapter 2
of this report are used in several instances in the
treatment of the second loading stage. The concrete
-80
In the first loading stage, linear relations will
be assumed between stress and strain for both concrete
and steel, and strains at different levels in the beam
will be assumed to vary linearly with depth. Consider-
ing the steel-concrete transformed section of a rectangu-
lar beam, we determine the position of the centroidal
axis as
stress-strain data obtained from the cylinder tests are
used as a basis for the choice of an equation for the
concrete stress-strain relation. An idealized pattern
of beam deformation is assumed which describes, approxi-
mately, the concrete deformations observed in the beam
tests, and, finally,a bond parameter }V , which measures
the degree of bond breakdown between strand and concrete
in the beam near a flexural crack, is evaluated empiri-
cally from the deformation measurements made on the beams
during the fatigue tests.
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4.2 FIRST LOADING STAGE, M~ M
on
x = -------
A +(m-l)A
c s
A • e
c
is the distance from the center
-81
[
h2 _ 2
I = Ac 12 + (e-x) + (rn-l)
t M [~ +e - it]f =cL I
b M [~ + xJf cL = +- - eI
f
sL
M_
= +m -xI
If the prestressing force in the steel prior to the
moment M are, respectively,
the concrete area, Ac ' to the center of gravity of the
tion with respect to the centroida1 axis is
where e is the distance from the center of gravity of
concrete fiber stresses and the steel stress induced by
moment of inertia of the steel-concrete transformed sec-
/h
of gravity of the steel area to the centroidal axis. The
steel area, As' and x
and taking tensile stresses positive, the top and bottom
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appl~cation of then-th load cycle is Fn , the correspond-
ing stresses in the unloaded beam are
t FnJ 1 e hf - ... x:; - t 2 ] ,cF
.. c ..
b [ :L+e. h ]f cF = .. F ,n A I '2c c
, ," .
.. where I is the moment of inertia of the rectangular
c
concrete section about its center of gravity. The total
.stresses at moment M in the n-th cycle are therefore
Fn [ ~J - -xJft 1 .. e _!! l~ +e (4.1)= - r- Ic I'. cn c
fb
• ... 'F [1 ." e ~l+'[~·e+xJ (402)A t Icn n c c
(4.3)
For the firat cycleof.loaGling, 1 0 8 0 when n = 1,
the value of Fse will either be known by measurement or
estimated in the design calculations. Cracking will
=83
when
(4.5)
(4.4.) ,
= f8
t
.,
n > 1.
b
=-fM . ~ I • __c_F_,__~
,on . 1 -'
·· ..... h· .. e +,.,2. '. - ,.- '.
In general, the prestressing force in the steel
value. will be reduced by shrinkage of the' concrete;
decrease it, depending upon whether the loading on the
prior to the applicatiaR of the n-th load cycle. F
n
, will
vary slightly during the lifetime of the memaer. Its
In subsequent load cycles, i.e. when n ::> 1, cracks.
b .
will begin to open when the value of f is zero; thus,
cn
take place in this initial load cycle when f~l becomes
equal to the modulus of rupture of the concrete, i.e.
creep of the concrete may tend either to increase or
Thus, the value of M~ ia the first load cycle is
''''lffi ,
for
I.
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and the Q terms are open parameters, is used here to
f"cE =-
€u
andF = f cf IC
where stress and strain are expressed by the non-dimensional
terms
beam is for most of the time greater than or less than MOn;
imperfect closing of the cracks may tend to increase the value
slightly; creep in the steel strand will decrease Fn • Appropriate
values of Fn must be chosen in each particular instance on the
basis of an analysis for creep and shrinkage losses and an
estimation of other possible effects.
Concrete Stress-Strain Relation
A cubic parabola of the form
4.3 SECOND LOADING STAGE, M :> Mon
In the second loading stage, several details must be con-
sidered in the analysis of beam behavior. These are discussed
in the following sections.
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represent the loading portion of the concrete stress-
strain relation. With the following conditions ful-
filled,
(a) F = 1 when E = 1
(b) dF 0 when E 1= =dE
(c) F = 0 when E = 0
(d) dF a when E 0= =dE
Eq. 4.6 becomes
F = aE+ (3-2 a) E2 + (a-2) E3 (4.7)
The parameter a is the initial slope of the curve
and hence represents, in non-dimensional form, the tan-
gent modulus of elasticity at zero load at the beginning
of the n-th load cycle; i.e.,
Eu
a - E -:cr (4.8)
- cn f c
For Eq. 4.7 to represent a monotonically increasing curve
for values of E between zero and unity, a limitation must
be placed on the possible values of a. If the initial
slope is too steep, the curve reaches a maximum value at
a smaller value of E and then becomes a minimum at E = 1.
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It must therefore by stipulated that
which leads to the result
Q!~ 3.
Equation 4.7 exhibits a concave-up section in the initial
load range when
i.e., when
Q! < 1.5.
In Fig. 54, Eq. 4.7 has been plotted for values of Q!
varying from 0.5 to 3.0.
An experimental study of the stress-strain relation
for concrete and the effect of pre-loadings on the relation
is described in section 2.5 of this report.
The test points are plotted on dimensionless coordinates
in Figs. 35 through 42, and compared with curves obtained
using Eq. 4.7 with suitable values of Q!. The stress-strain
data for the specimens without prior loading,
-86
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shown in Fig. 35, follow quite well the cubic parabola.
The test points in Figs. 36, 37, 39, and 40, obtained
from specimens which had been subjected previously to
light fatigue loadings, also fit quite well to the plotted
curves. When the fatigue loading had been intense -- for
example in Fig. 38 test points are shown for specimens
which had been subjected to approximately one-third of
the number of load cycles required to cause fatigue fail-
ure - there is a distinct tendency for the stress-strain
relation to assume a concave-up region in the initial and
lower load ranges.. Even in such cases a cubic parabola
provides a reasonable approximation for the stress-strain
relation; a more complicated equation is certainly not
justified when account is taken of the considerable varia-
tion which is observed between replications of the same
test, even when differences in values of maximum stresses
and strains have been removed in the figures by non-
dimensionalizing.
It was seen earlier that the maximum value which
can be given to a is 3. The maximum value of a used in
Figs. 35 through 42 for the correlation of test data for
high strength concrete is 2.0; it appears that values. of
a less than 3 wilt be adequate for most types of concrete.
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It should be noted that when the experimental curve has
an initial concave-up section, the best fit equation will
pot necessarily be obtained by substituting for a the
observed initial slope, but by choosing a to provide the
best fit at all load levels.
Equation 4.7 will be used in the following work to
represent the stre.s-strain relation far cencrete sub-
jected to axial loading. In applying the stress-strain
relation obtained from axially loaded test pieces to the
concrete in the compressive stress block of a ,flexural
member, several'import,an,t ", effec ts must be considered 0
.. , "..' .
'. (26 27)In previous stud~es ' , of the problem of pre-
dieting static ultimate flexural strength from the con-
crete stress-strain relation, it has been found that the
:general II t::ress ;"$train.charactaristics:Louia! compres-
. ." '. '.' ~ ," .
sion are,~ppllcable'toeondition.'involVing a compressive'
stress gradient provided account is taken of the unload-
ingportion of the stress-strain relation at high loads.
The unloadinipheno~enon is ,not normally observed in '
axial tests on conc~ete cy~~nders since sudden failure
~s induced at maximum load by the release of energy stored
in the testing machine~28) Hognestad, IWason, and McHenry
-89
Another effect which must be considered when using
cylinder test data in the prediction of beam behavior is
the variation in concrete strength between beam and
cylinder. In static ultimate strength theory the strength
of the concrete in the Deam is usually written as k-:»f '.. ,
.;,pc
where f~ is the cylinder strength. In most ultimate
have however investigated the shape of the unloading
.. curve, and have published complete stress-strain rela-
tions for concrete of different strengths~26) The un-
loading curve. is, of course, of prime importance in
... studies of static· ultimate strength; but here, where
attention is primarily restricted to repeated loadings
which are considerably smaller than the static ultimate
,
strength, the loading curve is of prime importance. The
unloading curve may be represented adequately for our
purposes by a second order pax-abola, a'8 shown in Fig.
55, which is continuous with the loading curve at E= 1,
and descends to the point F = ~, E = l+t. The equa-
tionof this unloading curve is
F = 1 - ~ (E-1)2 (4.10)
+ '(.1 ~ E ~. 1
in the range
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strength studies, the product of the factor k3 and
another factor kl » is evaluated, such that klk3f~ is the
average stress in the concrete compressive stress block
at failure 0 Reliable information on the relation between
concrete strengths in the beam and in the cylinder has not
yet been published o Hognestad» Hanson» and McHenry (26)
evaluated k3 empirically from a series of eccentric column
tests as
_ 3900 + 0035fc
k3 - 3000 + Oo82f~ _ (£¢)2
-26000
Unfortunately the data used to derive Eqo 4 011 were all
obtained using the one size of test specimen and the
equation does not take into account one of the prime
variables» namely, the relative size of the two pieces
of concreteo In ultimate strength theory for reinforced
concrete columns a value for k3 of 0 0 85 is commonly used to
account for size effect, poorer concrete compaction in the
column, etc o The value of 0 0 85 for k3 will be adopted in this
investigation, because of the lack of more reliable information o
It is thus 'assumed that the stress-strain curve shown in Fig o
The area under the curve represented by Eq .. 4.7
between zero and El~ for El ::::: loO~ is
A = JE\dE.
0
i. e. ,
A -~E2 3-2 C~ 3 a-2 E 4 (4 0 13)= + .....~. El + ..-=.",2 1 3 4 1
will be taken to be
55 can be applied to the compression concrete in the
-91
(4 0 12 )
is replaced
will be used in connection with the concrete in the beam,
f cby -k fU ~ For convenience, the term F) which henceforth
3 c
~c_flexural member provided the quantity ~-
f c
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To represent quantitatively the deformations in the
a
-+2
(4.14 )
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~El
FEdE
0
k2El = El - El
FdE
0
and so
tension cracks break the beam into a series of blocks.
With the interval between E and the center of gravity
1
of the area defined as k2El ,
concentrated at the crack, while compressive deformations
beam for loadings larger than M ,an idealized deforma-
on
tion condition is assumed in which evenly spaced vertical
Tensile deformations in the lower portion of the beam are
Deformations in the Beam
'I
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It is reasonable to assume further that the function
strains cann~t exist in the steel reinforcement, full
. tion of the beam is thus pictured as a series of slight
sex) dx
b
b
The discontinuityll£b.essentiallY represents the
width of the crack at the steel level. Since infinite
are concentrated in a region above the crack. The deforma-
increment in the steel, i::lE (x), over the interval
8
.. 'f b <' x< +. t b is equal to the value of the tensile'
deformation~£b' i.e 0
or partial breakdown of bond must be assumed to occur
between concrete and steel over some finite distance Ib
on either side of the crack; The integral of the strain
kinks at the cracked eectiens, e$ch kink coneisting of
slight rotations of the adjacent blocks about the neutral
.'.
axis, as shown in Fig.. 560 The defermation at one cracked
'section is given quantitatively, by the discontinuity at
the steel level, ~£b' and the deformation in the concrete
top fiber above the crack ll b. t .t
;.:.,
I
I
I
I
I
'1
I
I ... ··
'1"
'I
I.
I
.1
I
I
I
I
'·1
I
. where.
(4 0 16)
o
~b
6.f (x). dx,
s
o
1
~.£ • 2,t 6. {b b sl
r -
At the cracked section the total steel strain is
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where f· and t. F are, respectively, the tensilesF c ..
strain in the steel and the compressive strain in the
concrete at the steel level due to Fno
t:.. t (x) is symmetric, with a maximum value of tlflat
s s
the crack,and of the form
and
Then,
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f (x) which occurs
c
At - 2
t
fo
c
(x) • E.
c1 f ( 1)
·1 = t,
and 2 t c is the spacing between cracks 0 Equating b.l t
to the integral of the strains, one obtains., as before,
where. ~cl is the maximum value of
at the cracked ••ction,
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(4 0 1B)
. 1.~ £(1) dl
r~£(p df =
kd
(l-k)d.
f. cl, t c
--=-- .. ~,
Af.sl t b
1
ll~ = 2 ft c
o
Substituting for the deformations, one obtains
direction; thus,
For convenience, a dimensionless parameter ~ is defined
as
It is now assumed that the deformations in the beam
over the length 2 ~c' th~t is, the deformations which
have previously been as~umed to be concentrated at one
cracked section, are linearly distributed in the vertical
. -where It d is the depth to the neutral axis 0
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It will be noted that the distribution of internal
, larger. than previous ones; a field o£tension stresses
(4022)
(4021):1 - k 0 t. '-Jr 0
, k cl I
=
r l-k 1t: = f + E + E,81 ".sF cF' k . cl
~(
sl
~: £(1) d1t ec (4020)= tb Cf(P df .' "
will exist in the concrete immediately below the neutral
I
stresses at a cracked section during a particular load
andEq04.l9 is rewritten as
cycle will depend upon, the magnitude o£previous loadings o'
When the loading under consideration is considerably
Substitution of Eqo 4021 in 4016 yields
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the equilibrium considerations.
tant consideration in the equilibrium of the section.
(4.23)
cracks will have extended
f dy"cC = b
Assuming a linear distribution of strain above .the
will be no concrete tensile stresses at the section. In
With
F =
f c
k f'3 c
and
E
E:c
=
6 u
it is reasonable to ignore concrete tensile stresses in
evenly distributed through the life of the member and
the one under consideration,
lower mads, the concrete tensile stresses are an impor-
the present analysis it is assumed that overloadings are
crack, one obtains for the total compressive force,
When, however, a previous "loading has been greater than
axis of stress. In some circumstances, especially at
above the present level of the neutral axis and there
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(4027)
(4026) ,
C, =, bd k",', f I k [, 2,1 +, ~"2,!' I 2 +(1.,2 z,3l (425)
'" '3 c.2 1, 3' 1 ',4 1r o, "
o
f sl As ,[ a 3..2a (1.2 3'J
-- = k-'E + - E 2+--- E .
bel ka..:: f ~ 2 1 3 1 '4 l'
~;"'J."
c _ bel kJ f~ k
El
EquatioRs 4 013 and 4 0 24 together yie18
where k2 is given in te~. of'!l ia Eqo 4.140
anel equating internal and external'moments,
Horizontal forces may now be equateClto ,ieli
where El is the extreme fiber value of E,
Eqo 4.23., be written ·as
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Evaluation of Bond Parameter
averaging factors which specify the shapes of the distri-
of E: (x) will depend to a large extent upon the crackc .
6 (x). Thus, the
c
E: c 1 \: £ (''\? d '\
spacing and hence indirectly upon the bond properties. The
term ~ may therefore be regarded as a parameter which is
intimately associated with the quality of the strand-concrete
butions of the strain increment in the steel, ~£ (x),
s
The crack spacing, 2 1 , the length of the bond
c
break-down, i b , and the distribution of the steel strain
increment ~€s(x) all depend directly upon the bonding
properties of the strand and concrete. The distribution
The non-dimensional term ~ is defined in Eq. 4.20
in terms of the lengths £b and I
c
and the integrals of
f ( f) and f ( ~ ). Considering the integrals as they
appear in Eq. 4.19, we observe that they are, in effect,
and the concrete top fiber strain
(1
terms Ll6:S1 ) £(1) df and
o
are, respectively, the average strain increment in the
steel over the length lb and the average concrete top
fiber strain over the length 1. The values of the
c
integrals lie between zero and unity.
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bond.
Provided an over-loading of reasonable magnitude
has occurred on the member, new cracks are not likely
to form as a result of fatigue loading; ~ may well be
c
considered constant over the major portion of the beam
fatigue life. The maximum value of the ratio 1~ lb
is unity, which will occur only when bond has been broken
along the entire beam. It will be noted that small
values of this ratio, i.e., values considerably less
than unity, represent a situation favorable to the forma-
tion of an intermediate crack, and it may be concluded
that the la1 £b ratio, after the initial loading sequence,
will have a value greater than, but in the vicinity of,
unity and will decrease in value towards unity as the
repeated loadings further break down bond and increase
In the idealized case of perfect bonding - in so
far as the analysis of deformations instead of strains
is applicable - length 1 becomes equal to f and
b c
both become infinitesimal, uniform strain distributions
exist in both the concrete and steel, and so yY = 1.0.
-102
When there is no bond between steel and concrete,
for ~ple in an unbonded post-ten:sioaeQ.. beam, crack
spacing. becomes 'large, but. ~ b i •. agaia .e'lual to ~ c 0
Whereas a state of alaoat uni.£QXII at1:'ain IIMst exist in
the steel and
r1 . .
~ . ·f(~ ) t ..loO,
o .
the concrete 8treiB. ia the top fiber will be largely
concentrated in the region above the crack aDd
Practical limitations, however, such .s friction between'
ca\)leandcGllCrete ea.~e reasoDAbly high values of this
.integral and hence of t 0
For conditio.. intermediate between tthe two ex·
.. tremes· just considet:E!d, vai.e. of t will·.ut.
necessarily lie between zero and unity" There iano
reason why values of )f in exce~s of unity should not
exist o.
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In view of the lack of basic information on the bonding
properties of strand and concrete and the scattersome nature of
the phenomenon, theoretical evaluation of ic ' J.b , and the integral
terms is not at present feasible o Measurements of concrete deforma-
tions during beam tests can however be used to evaluateyYempiricallyo
In the beam fatigue tests described in Chapter 2 of this
report, static tests were conducted at regular intervals during
the fatigue loading, and the concrete deformation measurements on
the sides of the beams provide experimental values of k for
different values of moment Mlo It will be noted that the concrete
elastic strains corresponding to the effective prestressing force
Fn must be added to the strains measured during the loading opera-
tion in order to obtain the correct values of k o Thus, considering
'Ml and k as known quantities, Eqso 4 014, 4 022, 4 026, and 4 027, to-
gether with the steel stress-strain relation, may be used to
evaluate fsl, ES1' k2' El , and Y; 0t values obtained in this way
from the beam fatigue tests are shown in Table 180 Computations
were made for values of k3 equal to 0 085 and 1 000, at loads of 12 0 5
kips for beams Fl, F2, and F4, and 10 05 kips for beams F5, F7, and
F8. yJ values were also computed for loads a little higher than
the cracking loads/but the values were not reliable because
values of the term ( 6 sl - GsF - € cF) on which P
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directly depends, were very small and could not accurately
be determined. Values of fY shown in Table 18 are
grouped around a value of unity. It will be noted that,
after a preliminary sequence of loading of approximately
10 percent of the fatigue life, there is little change in
~ values with the number of applied load cycles. Al-
though all beams were manufactured from similar materials,
average values of 7.f for the different beams vary between
values of 0.6 to 1.6. In view of the scatter in the values
-;~ -./
and their grouping around the value of unity the most
appropriate value for beams of this type appears to be
p= 1.0.
Values of yV considerably different from unity. of course
may well be required for beams of different design, differ-
ent concrete strength, etc. The effect of variations in
~ values on the steel stresses will be considered later
in section 5.4.
Stresses in a Rectangular Section
The equations derived for the cracked rectangular
:.:. " .
·.,105
(4 0 22) .
(4~2.7) .
(4026)
'(4014)
"
E. ·f
cl
. ,
f lA, _ [~. 3-2(1 2. a-2 3]i2 k f I k 2 11 + "3' £1 + 4 £1
. 3 c .
.' € . 1 ... k'
81 - €.. + %, + k'
section are now summarized o
stituted in Eqso 4026 and 4022 to obtain k,E1,and
beBee, tbroush Ie:(~' 4 ~ Jt4, k2 0 The correspoEuliag values
These equations, together with the steelstrea,s-atrain
relation, may be used to evaluate, fora moment JIlin
the n-th loa~,cycle$ the unknowns f al ' f. .1' k, k2~ a~~]8:;10
It will be noted however that the value of'a for tae
n-th 10a4 cycle muatbe knoWB or e8timated since itia
used ,to determine t F and ~'. 0 In general, the calcu-
. s . cF
latioaa for tbe stress mOlDeat relatioa will bes1mpli-
. . ,
".fied :1£ values of' f al alid f al are firs't chosen and: sub-
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111.Appeiuiix 1 a eet of calculations for the stress-
..oment relation for b8$&D 17 is given, for a k] value of
0 .. 85 ad • t valUe of 1000
(40228)
When a large number fiJf· et:reS8""11l0I8eot; c.alculatioIlS
are to be made. it may be cODvenient top1ot Eqso 4026
and 4022 in the foriD of an. intercept chart on ~odi.d±nate$
of.. B{.ao.~~, for appropriate valuea of Go Equation 4022
.y be elividea .throughout '. by .E u Qcl .rearr8llied to the .
fona
of~ may then be obtained by substitution of values in
Eq 0 4027 ° The' proce•••, then be repeated to obtain
.di~fereDt points Oil the ~ - f
sl 'curve o '
Equations 4 0 26 and 4 0 22a now contain the ten.. 11 &act
It in th$ rigbthandaicles,while their left haad sides.
are function,of either f sl or E..lo·Each equat~~nu.aa!.
be used to. plot a family of curves.Ollthe Bl.i..k ~Qdi:dwates
'. The .resulting intercept chart proV;ide. values directly.
for k aa4Bl without atrial and error procedure o
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be z different values of stress and strain for the steel.
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(4.28)
f sl Asl
The equations in the previous section were derived
+fsz Asz
(4.29)
+f A
s2 s2
• 0 • 0 • Q 0 .00
000 000
o .. 0 0 0 0 0
Steel at Several Different Levels in the Beam
inforcement lies at a depth d below the top surface.
When the steel lies at z different levels, there will
Letting the depths of the different steel layers be
for a rectangular section in which all of the steel re-
and
dl , d2 , ... dz,the corresponding steel stresses be
f l' f 2' ..• f ,and the depth to the neutral axis
s s sz
be a, one obtains for the two equilibrium equations,
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If it is again ..aume4 tbat deformations are
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4 0 ~:BEAIIS .\iITH I SHAPED SECTIONS
• '1" .•••.•.•
If it is further assumed that the bond parameter
will no~ vary with the steel le~el, the following z
compatibility equat!ons .are obtained
ooooooo
f. ID,~" +
81 sFl
,;' : : .. ,
In the case of beams of I section, loadiIlg must be
~ ,'.. /: ',+ ' f . + ',( ~ - I ) € t
,sz ,'~.rz" clz ,Z 'cl ,
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These equations, togeth~r wi~h Eqso 4028, 4029,
4 0 14,and tbe stress-straiQ relatioa fortbe ateel, must
be used to obtain by a 'trial anti error procefiure'the z
clifferent val.ueS of steel s1;res80
In mos,t practical situations, however, the solutioD
of these simultaneous equatioD8 ia impracticable anethe
simplifying assumption must, be made that a1l .trands are
grouptilci, at theeenter of Il'avity of the .te.1.~
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where t. 0 ie the flange thickness 0 The compressive force
considered. in three stages; zero mODleat to HotFMom to .~,
and Mt to static ul~imate .oment, where Konis the moment
at wh~ch cracks begin to open and Nt is the moment at
which the Cilept.h t~ the. aeutr$l. $X:Le is equal to the
o depth of the top. 'flang,e ~ o'
In the second loading stage,HQl~Kl<I\;, the beam
is cracked and the neutral axis lies in .the webo Letting
the value of the climeasioBless strain term E in the top
concrete fiber be'!l' and aSMing a linear distribution
of compressive strains, one obtains for the value' of:!
at tbe bottom level of the top flange
kct - t
kd 81E -
Linear stress.-strain relations maybe assumed for
the first loadiDg stageaad. a simple elasticaualysis
of the section" similar to the analysis in section '402,
provides values for steel stress ana cracking moment o In
the third loacl~ug stage tbe neutral axis will lie in the
top flange and the steel, stresses may be determine4 from .
saaaalysis of the beam assuming a rectangular section
with the width equal to the width of the upper flaageo
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'dE + (b-b B )
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distance k2kd from the top fiber, and
The center of gravity of the compressive force is a
.i 0 8 0
is therefore
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Equations for horizontal equilibr-ium andmomant equili-
An analY8i~.of the deformations in the beam yields
the <:OI8patioility cOl\ditiQarepresented byEqo 4022~ It
should however be noted that values of the bond para~
meterr .may well. vary cetlsi.4erably from those for rectan-
gular .sections because of apo.llible change, in the shape
. of the" concrete .traiq, 4.i,.UlbUtionin the top fibers ,
as represented by
..• a-p.d ..'
. --',,:
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The integrals appearing in Eqs 0 4 031 and 4.032 may
beevaluatad without difficulty in terms of Eland k,
and tbenEqIS 0 4 022, 40~7 1J 4'031 an4 4032, together with
tbe 8tee~ stre.....tr.in relation, .ay be used to .olve
for steel stress bya trial and error procedureo The
main difference between these calculations ao4 these
for Qrectaagular section is that k2.is now a fun.ction
of·k as well &8E1 o. It.is·convenient to begin the calcu~
lations by assuming a eteel stress f.l,anG make trial
values of k until the correct value of <;;8li8 given by
Eq 0·40220 The moment correapoadiQg to f 81 ie thea ob=
taiueCll by subat1.t.utiea iBBq~:40270
. . . . .
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5.1 UNDER-REINFORCED BEAMS
In order to predict the fatigue life of a given
beam, it is necessary first to determine, from the known
or assumed load history, the corresponding stress history
for the reinforcing steel. To make the transformation
from load history to stress history, us~ is made of
stress-moment curves which may be computed for any
In the preceeding two chapters an experimental
study was made of the fatigue properties of high strength
steel prestressing strand and a theoretical analysis was
made of the steel and concrete stresses in members sub-
jected to flexural loadings. The results obtained from
these two studies provide a means for calculating probable
beam fatigue life as limited by the fatigue strength of
the strand reinforcement.
F LEX U R A L M E M B E R S
PRO B A B L E FAT I G U ELI F E
PRE S T RES SED CON C RET E
CHAPTER 5
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particular beam cross section using the equations
developed in Ch_pter 40 If the re~ponse of the beam to
load remains constant throughout the major portion of
its fatigue life j only one stress""mement relation ha~
to be obtained o If~ however~ the re.pon~e of the beam
varies asa result of the fatigue loa~ing~ the load his~
'tory mUSlt'be broken into a number of intervals~ the size
of the interval depending upon the rate of change of
beam response, anel &!! .tress·...,moment relation !DUst be com-
puted foreacb intervalo
It was seen in the beam fatigue test~ described
in Chapter 2 that, after an initial sequence of repeated
loading~ Q~ing which consideraDle changes took place in
, '
the,de£lection~~ deformatioD.8 11 and cracking patterns,
the beams s,attled down to a fairly,coniliate~t response
to the repeated loaClliRP 0 Values of 1 cOIDp11ted in
, Chapter 4£rom de£ormat~on measurements on the beams
under test also remained fairly constant after the initial
sequence of loadings 0 The results of these tests· ,thus
indicat.e that a single stre~~""moment relation would
normally be suffic~ent = at least for beam8 similar to
those tested =- for determining the 8tre~$ history» and
-116 .
in the following dillcueatoD. it Will be a8sumed tbat the
respoaa8 of. the beam to load remains constant o
If there are u 8i,milar·strandspresent in.the beam
section at the ,same level, then the probability of beam
:failure at ,or before Ncycles is
. (5.01)uQ= 1 -( 1 ... r) ~
Should the strands be' placed at z different levels" with
ul ,u2 ' 000, ui~QOO U z strands in the first, secon4,
000 i-th, 000 z-th 'levels, then the probability of
When the beam is subjected only to repeated load
cycles of constant ..gnttude~ the atre•• history will
consist of repeated stress cyc1e8 of con8taat magaitudeo
Aftetthe' 'magnitude of' the strea. cycle has been deter-
mined from the stress-moment relation, Eqso 3~4 and 306
may be usee to daterotine the mean fatigue life, N~ a~d
,tb~8taIlMti.:cleYi.ti•.:of':fatigu.e 11fe,D, for a single
strand elementaubjected to this stree. cycleo These
two values may be used inEq~302to determine the
number of cycles, N', corre~pooding to !!I. probability.
level Po
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beam failure at or before • cycles is
(502)
wh~re 'pi.is the probab:i.li~Y of failure at or before N
cycles for an individuai.~tr~nd subjected to the repeated
'., \'"
stress cycles which occur''.ip' the steel \~t the i-th level 0
~ \
. In the case of a beam subjected to cumulative
damage loading, the load history may beeiprefised as a
curve relating load magnitude and relative frequency of
occurrence (load-frequency distribution), a load=frequency
histogram, or a'block ·of load cycles as shown in Figo 80
In each case the load history can be expressed~either
exactly or approximately~ as a block of load cycles, and
the stress moment relation may then be uaedto make the
trans~orma.tion into a corresponding block of stress
cycle80 Equation 3 0lS'will then indicate~ for a strand
elementsu~jected to this repeated load block). the
probability ,of f$ilure, p~ corresponding to any number
of load cycles; No Equat:i,ons S?l or 502 may be used to
determinefrom·P the px:obability of fa.tigue failure of
the beam atN cycles o
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5.2 COMPARISON WITH TEST RESULTS
Strand fatigue failure took place in all of the
beam fatigue tests described in Chapter 2, and a com-
parison may now be made between observed and predicted
mean fatigue lives.
Stress-moment relations were computed for the
six beams and were used to determine the magnitude of
the stresses in the reinforcement in the beams under
the test loadings. In making the computations, a yV
value of 1.0 and a k3 value of 0.85 were adopted.
Creep-relaxation losses in the steel were not measured
during the beam tests; a value of 4 percent was however
adopted, on the basis of figures quoted by Kommendant(30)
for prestressing wires. Values of applied moments and
corresponding steel stresses are shown for the six beams
in Table 19.
Since the beams contained three strands, values
of u = 3 and Q = 0.5 are substituted in Eq. 5.1 to give
a value of 0.206 for P. Thus, the mean fatigue life of
a beam is equal to the fatigue life at the 0.206 proba-
bility level of a single strand subjected to the stress
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history of the $teel in the beam o The relation between
the. stress interval R and log N has been determined for
the 00206 probability level from Eci80 302 8 304 8 and 306 ll
and is plotted in Fig 0 490
Use'oftheOo206 probability'l.inein Fig" 49 ll
,- together W'itbvAl~s-c01fMPutMfo~ li~ providslA v.lues
of predicted mean fat:igue life for beam~F'l» F2 ~and '
F4,wh1ch were aujectee to'coutpt cycle loadingo In
the case ofbeam~ F5~ F7 9 andF8 8 which were all subjected
to c\lIllIIlll.tbre ~."loatiiq9 the 0 0 206 probabil.ity line
provides ~lue. @£ .(002~6) which iIlay be s~~t;tt.te«i~ln Eqo
, " . .
3 0 l5to give the predicted-mean fatigue'iifa o The com~
plete calculations for fatigue life of beam Fl are
shown in Appendix 1. 0 - Although a c.,arisonof the values
of computed and preQicte4 fatisue lives in TaDle 1.9 Shows
a slight trend ,for the method to,over-siltimate fatigue,
li£e~ agreement i~general1y quite iood~ especially ~on=
.siderlng the ve.riability, of the phenomenon being studied o .
,5 03 OVER=l{EllU'ORCED BEAKS
to 'determining the fatigl,le life of under-reinforced
=120
Also,since the strands are present in the beam as dis-
'. crete elements, the "size effect" involvedia the pre-
A considerable amount ofwork~ both analytic
A simple lower bound estimate of the fatigue life
I.
con.c.reteo
, .' .
gus life under stress gradientacSD be predicted using
fatiglle .test· data obtained from axially loaded ..'specimens 0
A statistical approach to, the size effect and
'. . .. . '. . (a9)
stress gxadient p::obl,..a bas been macie by Fowler" ,
but. hiswork
,l being concerned with materials such as.
steel which exhibits'imilarstress=strain prope:rties in
tensi~ a:nQ compression, is not 4irectly applicable to
and experimental~ will be required before concrete fati~
the8tran~Lm the beg ial essentially simple tension 0
in the be~ calculations since the state of stress in
beams, strand fatigue test data may be used directly
catedby :bo~h. size effe.ct and thapresence of the stress
.;crete ,compressioo .zoste of the beam, however 1I is cOlllpli-
·ofover""reinforced concrete beams can, however be obtain.ed
'dictioa of the fatigue ,life of u strands from the fatigue
.4ata for ene strand is ..~en into account quite simply ~
using Eqo 5 0 1 0 . A study of fatigue failure intba con-
.!
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by determiaing the fatigue life of a piece of plain
concrete similar to the concrete in the beam~ with
cross sectional area equal to the area of the concrete
stress block~ and 'subjected to a pattern of repeated
stresses which are uniform over the cro,. 'section and
eqttal in value to the stresses in the extreme'fiber of
the beam o
Stre.8~moment relations for the concrete top
fiber maybe determined using the equations derived in
Chapter 40 Thenon-ciimensionalized. concrete top-fiber
strain~ :E1 , is evaluat~d during the steel st~es8 computa-
tions; the.correspoading v.lue of concrete stress is
giv~byEqo 4,,70 The atreaahietory for the concrete
. '-. .
top fiber may·~h~nbe. obtlllined from the stress-moment
relation' and the known or a~sumed load historyo Fatigue
test data obta~ned from axially loaded test specimens
may then be used to est~te a lower bound value for
beam fatigue life"
5 04D,:tSCUSSION'
Before a summary is made of the results of this
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investigation, several important aspects of the study
of under-reinforced fatigue failure will be discussed,
in order to emphasize limitations involved in the present
approach.
Limited Applicability of Strand Fatigue Data
It was noted previously that quantitative informa-
tion on'material fatigue properties must at present come
from experimental studies, and therefore that such in-
formation is restricted in application. It is important
to emphasize the limited applicability of the strand
fatigue test data obtained in Chapter 3 of this
report. All of the strand tests were conducted on un-
rusted 7/16 inch diameter strand, obtained in two lots
from the manufacturer. Although little variation was
observed between the fatigue properties of the two lots,
considerable variation might be expected between the
products of different manufacturers, and, quite possibly,
in the product of one manufacturer over a period of time.
Strand which has been stored for some time and allowed
to rust will have poorer fatigue properties; some differ-
ences in the fatigue properties of strand of different
. ,
investigate each of theeeeffects o Such fatipe tests
may" wellineliute. the ael.isability of using. an equation
.',' .
not however influence,.ignificantly the t1fit"of Eqo
-123
More fatigue tests are obviou.ly required to
f .
3 04' in the finite life region' under conelderation o A
different type of test(17) ¥OulQof couTsebe required
The experimentalatudy describe. in Chapter 3
was concerned wit~ the ~.tig~e properties of the strand
in the life region between 50,000 cycles and 5 million
cycles 0 Approximate values for fatig:ue limit were
adoptea,on ,the basis of an extr.,olatioQ: of the mean
S-N curves, and were used in the d.erivation of Eqo 3040
Some error in the ~alue8 of the mean fatigue limit does
.. , .
for mean fatigue life mor.conaervative than Eqo 304;
they moet certainly will indicate values for standard
deviation much greater than tho•• represented by Eqo
sizes mUst -.leo lle ~.ctedo,
to establish accurate values· for the probable fatigue
.'. limit of the material o ;
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, Equations 5 oland 502 take into account the in-
fluence of the number of ,stEaaQI in the beam, ali1fi~ in
effect,reprea8nt an allowance for size effect for the
amount. of steel ,in the cross aectiol1 0 There is another
size effect to bec.si"~_ ill the lORgitU<1inal direc-
'tio~,o If the, ste~.l stre~s were uniform along the length
of the beam the entire size effect for. the steel would
be represented by the foll:owlDgfMl__tion,
where v is the ratio of the length of the beam to the· . '
lea.gth·of the strand test specimen o However, an examina-
tion ofthed.eformat:ionsmeasured in the test beams
. ..' . .. . .' ,
1ndicat.es that steel stress varies· greatly along, the
length of the beam, even in regions of constant moment,
" and i.n fac t will acquire a maximwD value only at the
widest crackoThis can be 'seen in Figs o 20, 21»'iilnd22o
, ... ' .
.:
.. ',"'
....... :", .
An accuraxe analysis of the longitudinal size
effe~t would involve the determination of the steel
stressa~ each section along the beam, the calculation
of the probability of failure in each increment of beam
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length, and finally, the combined probability of fail~
ure for the entire length" Such a proced.ure~ even if
it were possible to evaluate accurately the variation
in ste~i stress along the be.. ~ ie clearly not feasible o
ID·~bis investigatiGI'l it bas beenasaumed. that failure'
Will always occur in the region of maximUm steel stress,
whloch will exist at the wides.t crack 0 ~pirical ,values
of" foe shown in Table 18twereaccorOinalY ebtaiBed
only ~rom 4,eforlB$.tiOll IBea.ur_ata. ill the gale length'
in which failure eventually occurred.,. In all six beam
tests the wire failures took place in ~he gage length
which. gave the' la.rgest talleileciefermation readings. o .'
'Considering Eqo5 01, it ia ••en that the likeli-
h00~ at fatigue failure iacreaa.a greatly with the
. .
number of 'stratidsin the cross sectiop-olt .should,
however, he remember.eel that beall fatigue failure has
here aeen &asociatedwith first wire failureo When
there is avery large U1.BIJber of discrete steel elements
. ." .. :_. ,: -, ..... .".. . .'. . .. ' ," .
,- " .
.. .
.,pres8at: in the' cross ~ection ~ the consequences of fail-
ure of one or even several of them is far less serious,
8ndit may be uece.eary in such a sitUation arbitrarily
to .E1ef1ae De8II f.tipe fa.ilure .a the failure. of some
propQr~ion.of. the-tot~lnUJIJber of elements of steel o'
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Variability in Response of Beam to Load
An examination of the results obtained in Chapter
3 indicates extreme sensitivity of strand fatigue life
to small changes in the maximum and minimum stress levelso
At the 60 percent JiJini.m\u:§B stress'levell> for example1) a
change in maximum stress level of only 14 percentl> from
11 to 85,i8 sufficient to change the mean fatigue life
.from infinity to approximately 70})OOOo This sensitivity
becomes more pronounced, of course» in the range of
large N and small' S values, where the meaD. curve is
approaching its ..asymptotic value 0 Computations for
I:
beam fatigue life show alike.~nsitivity of pee fatigue
life to small variations in the loading, particularly in
the maxLmum load level, and also to small errors in the
computed steel stresseso
. In the stress computations a number of factors
C •
are involved which cannot be evaluated precisely In
most practical situations, aad it is important to observe
the effect of variatioDs in these q~tities on beam
fatigue life o The quantities k $,1, an.d prestress losses
are particularly important in this respect o Although
losses due to concrete creep alia shrirUtage elm be
measurea a~curately in laboratory test b~ams, accurate
I
I
I·
I
I
1
I·····
I
"1·''. .
':1
.... 1
',' . ".-
~ '.' . .
I'
'1
. -...
:1'·
.1
I
;.... /;:
:··.·1
.,.
I
1
~.. , .
,.
.....~
~127
prediction of these quantit~es~ especially under field
conditions~ is almost impo~8ible becaufie of inherent
v.riability in concrete propertie~o In addition to the
concrete loeses ~ a certain amount of. lo~s occurs due to"
creep and relaxation in the 8teel o It i.e difficult to
measure steel losses in the labox'atory ~ and in the case
of·the beam tests conducted in thi~ investigation a 4
percentloss'~as assumed on the basis of figures given
by KommendantS30) While losses in the prestressing
fOl:'ce cio'not materially._ffect the mmaximum steel stress
level in the loaded beam ~ they direc tly affect the minimum'
steel stress level corresponding to the beam in theun~
loaded stateo
To obs~rve the variation in values ofpredict~d
fatigue life~ stress calculations were made' for beamF7
. .
:using k::p values ·of 0085 and 1 0 0 ~ t values of 0 0 1 ~ 1 00"
. ....
, and 1 0 3/) . and steel losses 6f 2 and 4 percent 0 Stress....;,
moment relations were plotted for eachcalculatioIlll
values were thus obtained for steel stresses in the beam
.due to the applied loadings!) and values of mean fatigue
. life were thendetermi.ned frem 1<iI ~ 3 0 150 B.esult8 of
five different sets of calculations are contained in
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Table 20~ which $howe the effect on fatigue life of
variations of the parameters from the previou$ly assumed
val.... of k;~) lilt (tlo35~ t &:II 1 0 0, and 4 percent steel
0 1
losses 0 Vari.ations in the factors of the order con.""
aiderea are ~een to vary the mean fatigQe.life by 20
to 30 percento It should however be mated that beam
F7 was subjected to Olie particularly heavy overloading
which caused a large proportion of the fatigue damage
in the beam 0 The value of the stress iBtenal R for
this overloacd is large~ in the range of "1 to 9; in
,cases where the R value is small~ the eorrespon4in.g
variation in beam fatigue life ll due to'variations in
k,f' t ~ and eteel 10il$ II will be larger:JJ and may well
J..\
"exceed 100 percent 0
Since it will not ,be po~sible ilJ. a practical
situation to predict a~y of these factors with exacti~
tude~ variability in predicted beam fatigue life is
likely to be considerably greater even, than that in~
dicated by the variability in the strand fatigue dat8 0
In such a situatioD ll it would seemIiA4vi.$able to t:reat
not only the fatigue properties of the materials as .'
r_do. variables b\¢als9 the response of the beam· to
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l04tto Thus, quantities such as f~, kj)' (I, F
n
, and y
would be considered not as single valued parameters
but as statistics with associated frequency distribU~
tioms 0 Such a proc:eGlure', hewever, is clearly not
feasible until very extensive experimental work is
conducted to determine the frequency distributions
. for each random v.ariable 0
Thereaeonable agreement obtained between pre~
dieted mean and observed fatigue life fer the test
beam does however indicate the appropriateness of the
. methods developed in this investigation (>. By adopting
suitably conservative values for parameters which are
. not known exactly, the equations may be used to check
the safety against fatigue failure of partially pre-
stressed .embers which are cracked wuler leacL
In the cumulat:i.ve damage tests on beams F5, F7,
and,F8, the predomin~nt load level produced approxi-
'. ." .. .'
mately zero stress in the concrete at the bottom fiber;
the first overload, Pol' was large enough to cause the
'in this beam.by the repeated application, of load Po20
Load Pol produced stress levels in beams F7 and F8
'.. ·.abo:\1e, the 'fatigue limit and i:contributed significantly
to fatigue damageo
The reasonable correlation of theory with experi-,
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tension cracks to open, ~nd produced a stress in the
that loadings which cau~eopening and closing of the
tension cracks will only begin to affect beam fatigue
tion maybe used to estimate beam fatigue life due to
life when they p~oduce overstresses in the steel rein-
forcement o The information obtained in this investiga-
limit do no~contribute to strand fatigue, indicates
i.ng to load,p
ol was just below the fatigue limit and
hence, according to the findinas of Chapter 2, did
not cause fatigue damageo Failure was brought about
second overload, Po2' opened theeraek further and
caused an overstress of considerable magnitude in the
repeated overload~ngso
'steel approximately equal to the fatigue limit; ·the
'strand o In beam F5 the steel stress level correspond-
. ment for these three beams, together with the conclusion
of Chapt.er 2 that stress levels smaller than the fat'igue
.~. \ .
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5.5 SUMMARY AND CONCLUSIONS
An investigation was conducted into the fatigue life of
prestressed concrete beams subjected to either constant cycle
or cumulative damage loadingso Attention was given primarily
to beams which are under=reinforced with respect to fatigue
failure~ i.eo p to beams in which fatigue of the tension
steel would precede fatigue in the concrete compression zone o
An experimental study was made of the fatigue properties
of 7/16 inch diameter high strength prestressing strando An
empirical relation between maximum and minimum stress level
and probable fatigue life was developed from the constant
cycle test data. The results of cumulative damage tests
showed good correlation with mean fatigue life predicted
by Miner 8 s theoryo A generalized form of Mineros theory was
developed to apply at all probability levels.
A theoretical analysis was made of the behavior of pre=
stressed concrete beams under repeated loadings. Equations
were derived for the stresses in the steel and in the extreme
concrete compressive fibers in members of rectangular and
I=shaped sections subjected to repeated loadings.
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A method of determining the probable fatigue life of
under=reinforced members was indicated» which uses the data
obtained from the strand fatigue tests» together with the
equations derived in the analysis of beam behavior.
Static and fatigue tests were conducted on eight prestressed
concrete beams of rectangular section~ Although considerable
~hanges in deformations and deflections took place in the
early load cy~les» the beams settled down quickly to a consistent
response to load which was maintained over the major portion of
the load historyo Steel fatigue failures occurred in all beams
which were fatigue tested o Satisfactory agreement was obtained
between computed mean'fatigue life and observed fatigue life ..
Finally» a method was indicated for obtaining a lower
bound estimate for the fatigue life of over=reinforced members
by using the equations derived in the theoretical analysis
to determine the stress history of the concrete in the extreme
compression fiber» and applying data on concrete fatigue life
obtained from fatigue tests on axially loaded specimens o
The following conclusions are indicated by the experimental
and theoretical work comprising this investigation~
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(1) The response of a prestressed concrete beam may be
expected to vary considerably as a result of the application of
fatigue loading o This variation is probably due to creep effects~
changes in the concrete stress=strain relation~ and progressive
bond breakdown between the tension steel and surrounding
concrete 0 However~ after an initial sequence of repeated
loadings~ representing perhaps ten percent of the fatigue life,
the beam settles down to a fairly regular and consistent response
to load o
When the fatigue loading is particularly severe, a
continuous change in beam response may occur up to failure o
Such severe fatigue loading would rarely be encountered under
field conditions~ and consequently, in most cases the fatigue
properties of a member may be studied by assuming a constant
response of beam to load o
(2) The fatigue failure of under-reinforced beams occurs
by successive fracture of the elements of steel reinforcement
in the beam o A considerable number of load cycles may separate
the first and second steel failures~ but the interval separating
successive failures will tend to decrease as the number of
failed elements increases o Failure of each steel element is
.
accompanied by a corresponding decrease in beam rigidityo
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When the total area of steel reinforcement is contained
in a smallcoumber of elementsl> it is advisable to associate
beam fatigue failure with failure of the first steel el'fuent e
When there are a large number of steel elements present in
the section ll beam fat~gue failure may better be defined
arbitrarily as the failure of some proportions of the elements o
The proportion would be chosen from a consideration of
allowable decreases in beam rigidity and factor of safety
against static load which could be allowed to occur as a
result of the steel failures o
(3) The fatigue life of an under-reinforced member subjected
to a known load history may be estimated using the fatigue
properties of the reinforcing steel ll together with an analysis
of the response of the beam to load o
An example solution for the probable fatigue life of an
under= reinforced prestressed concrete beam, using the procedure
proposed in this report, is included in the appendix. All
of the formulas are listed and eXplained as they are used
in the solution ..
(4) Quantitative information on material fatigue properties
must at prepent.come from experimental studies, and such
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information is therefore restricted in application. Because
of the variability inherent in material fatigue properties,
simple S-N curves and fatigue envelopes are inadequate
representations of constant cycle fatigue propertieso
Statistical interpretation of strand fatigue test data is
necessary in any satisfactory treatment o
(5) The results of the investigation of strand fatigue
properties indicated that stress cycles in the loading
history which are smaller than the fatigue limit will not
contribute to fatigue failure in the strand o (It should be
noted that the opposite conclusion has been obtained by
-other investigations working with other materials.) Thus,
beam loadings which cause flexural cracks to open will ~
shorten beam fatigue life provided the stresses induced in
the strand reinforcement are smaller than the fatigue limit.,
The use of partial prestressing techniques should not therefore
lead to problems of premature fatigue failure, provided a
conservative estimate of the stresses in the reinforcement,
together with steel data, indicates adequate fatigue life
for the beam o
for eon-
width of ~ectangular beam, width of top flange of
width of web of I beam
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. . . .
distance from center of gravity of As to ceGter
ofgJ'evity of A
. c
effective depth of beam
load cycle
modulus ef elasticity et steel
cross sectioaal area of longitudinal tension steel
value of E at extreme cOilerete cGllpr•••ien fiber
area of concrete section
f cfor concrete ~ c,liaQers; F ·'1
'k £13 c
I beam
standar.d devi4ticlm of leg II
crete in beams
modulus of alae.·tic".., af e$l!lCrete
modulus of elasticity ofcoaecece ill the n-th
total steel stress in ateel forK > Han
f .
non-dimensionalizeQ concrete 8treasjF - -£
f'
c
d
e
b'
A
c
D
E
E
c
BCD'
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1
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Fsi
h
I
k
prestressing force in beam during the n-th load
cycle
pre~tressing force in test beam just prior to
first load cycle
initial prestressing force in steel prior to
transfer
full depth of concrete section
moment of inertia of steel-concrete transformed
section about centroidal axis
moment of inertia of concrete area about its
centroidal axis
dimensionless factor defining depth to neutral
axis at a cracked section
dimensionless factor defining center of gravity
of compressive force in concrete compressive
stress block
dimensionless factor relating concrete strength in
beam and cylinder
distance from crack over which full or partial
bond breakdown occurs
crack spacing
total deformation at the top fiber of the beam
over length 2ic
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'to .open
total deformation at the steel level of the beam
_ Asproportion of steel in cross section; p - ---
bd
static ultima~e moment of ,beam
probability of beam 'failure at or beforeN cycles
. I
mean fatigue life
maxi~~ stress levei in a·repeated load cycle
,.
minimum stDess level in a·' repeat'ed load cycle
number of cycles
stress interval; R = S" - S
. max L.
fatigue limit corresponding to Smin
c'~acking moment in first 'load cycle
.' ~'. '.
.cycles
. :';
probability o'f' strand failure" at or ".before N
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Mon moment in n-th load cycle at which cracks belin
over length 2 £1;>,
E
== s
E
c
~lt
p
M applied moment
log N mean of log N
Q
N
Smin
u number of strands in. the beam at depth d '
X log N
R
'p
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the shape of the concrete
Eu
-f6
c
dimensionless parameter defining the shape of the
concrete stress-strain relation
dimensionless parameter defining the shape of the
concrete stress-strain relation
strain
concrete strain
inelastic concrete strain at the steel level due
to creep and shrinkage losses
elastic concrete strain at the steel level due to
prestressing force Fse
elastic strain in concrete at the steel level
due to prestressing force Fn
concrete strain in top fiber of the beam
steel strain
log N
number of levels of steel in beam
= log N - log N
D
dimensionless quantity defining
stress~strain relation; a = Ecn
a
z
z
.x
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.moment ~;> Mon
a€: strain increment; AE s -= Esl .. f aF - fcFs
. f1 f 81 strain increment at the cracked section
/If . strain increment at the cracked section corres-su
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~sF
~sl
f.
u
f'
u
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steel strain corresponding to prestressing force
Fse
steel strain corresponding to initial prestressing
force ,'si
steel strain due to prestressing forceF
n
total steel strain at the cracked section at
ponding to '\tIt
concrete strain in cylinder at f'
c
concrete top fiber strain at M
ult
x
= ~
bond parameter;
The procedure proposed in this report is illustrated
*Including measured concrete creep and shrinkage losses and
4 percent steel creep loss. .
**Values of € and € F from test measurements. In design
calculation~, value~ of € and e F may be estimated.
u c
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h
b
I' " .....
d
0 0 0 I.-
, I",
= 6.4 (first load cycle)
= 6.22 ksi
= 0.0023**
= Fn = 36'.30
k
= 0.00397*
= 0.00014**
= 6.31"
= 8.00"
= 12.06"
= 1.92"
= 1.97"
= .3267 in2
= .00648
= 920 in4
929.4 in4=
e
d
m
I
c
I
b
f'
c
h
test beam F7.
by a numerical calculation of the probable fatigue life of
7.1 BEAM AND MATERIAL PROPERTIES
7. APPENDIX EXAMPLE SOLUTION OF FATIGUE
LIFE OF AN UNDER-REINFORCED BEAM
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7 02 FIRST LOADING STAGE, M :s: Mon
a) Cracking Moment in First Load Cycle, Mol
.1
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
Take f t
Mol
= 0.10 f~ = 0.622 ksi
= - Fse [1:.. + .!. .h..]A c I c 2
= _ 36 30[ 1 + 1.97 (6.03) l
• 76.09 920 J
= - 0 0 950 ksi:
= 929.4 (1 0 572)
5098
= 244 in-k"
= 110 + 6 0 4 (244)1 0 92
929.4
= 113.2 ksi.
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b) Crackiag Hmaent, n '7 1
b
-f
cF '
h
--e+X
2
• '110 6o'~ (l4~o6) 1 0 92
+ 92904
, ,. 1120a kai
7 0 3 SECOND LOADIS 'STAGE, M >- Mon
The 8tr.S8~nt calculations in the second load~
ing stage are shown in tabular form at the end of this
section o ,Details of computations are as followso
ColUiln
10 Choose steel stres.es, f sl '. at suitable intervals 0"
2. Obtain corresponding steel strains, ~ sl' from
streea-stra!a curve o
Compute Es1 ~ €aF;'"'ecF» .farBm F7, (esF + EcF )=0 0 00411.
Compute (Es1"" Esr - ccF)
Compute As • fsl }t'
bd k3 fJ
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average of the results of the concrete stress-strain tests
(4.26)
(4.22a)
Take a= 1.400> .
fsl As [a 3-2a 2 a-2 3J
bd k3 f~ = kL2 El + 3 El + 4 11
convenient to plot k against El for various values 6f
the quantity fsl As
bd k3 f~
Determine k2 from Eq. 4 014; again it is convenient to plot.
To evaluate quickly the right side of Eq. 4 026 it is
k2 against El o
Value of El o
Value of fCl o
Obtain k k2, ioe. Column 6 x column 70
with pre-loadings, see Figures 37, 38, 40, 4l~ and 42. Thus,
a = 3 0 61 x 106 (.0023) - 1 386220 - • ,
Make trial values of k until equations 4.26 and 4.22a
are satisfied simultaneously.
(C 1 f "'. i 4 8 '" - EcnEuompute va ue 0 w US1.ng Equat on ., w - ft.
c
Note that the average value of Young's modulus, Ecn, will
usually be less than the initial value of the first load
cycle, Eco • In this example, Ecn = 3.61 x 106 psi is the
6.
8.
9.
10.
11.
7.
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Stre....
•
44 0 4
MoMent
inok'
1)608
. ~~3oT
SL - 0.8 (S.in) + 23
- 003: (440'4) + '23
.. 5806
Load
Kips.
. P',a'_ • J.IQ'liMa. ' '
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Ppreel -,.7005
P91.- 90Q9
,\ .,P02· -10.37
Sol 6003
..
• :1 0'7'St • 5806
,
502 - St -6702 5806 • i.i
7 .. 4 .MEAl( ·FATIOUI -LIn or IEAM
FrOID the 00206}J1:'ob.ebility liae ia Flio 4'. the following
Values of f
sl and '1\ may, now be..u8e4i to plot a
stress-moment c~Y. ana hence obtain the following
stress.' carre.ponGing' ,to' the applied' load:
120 .c.pute 1\ fro..
..~.. - f •..A. d (1 - k 2 k)
Spre4 ... SL .',tltllative. therefore an understre88
. ... .
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.~. }.' " .,
, .
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values oi log N and hence N are obtained •
R . 1o&.N ti
3.6 5 0144 139,400
1 0 7 60225 1,678,000
Substituting value. in Eqo 3 0 15:
,' ..
..•. "
N{:P) _ . . 1_·.........._ ......
LN:i (P)
. (3 0 15)
6'
...10
0 0 718 +0'..119 .
'.' ..
N(O.206) 6.. ,1.12 x 10
The mean fatigue iife of the beam ia equal to the
nuaber of cycles for which the prolNllJility .f fatipe
failure in one;.s.trand is 0.2060 Thus the predicted ••an
... ' ... 6
fatigue life of the beam is 1 0 12 x10 cycle. 0
~. :'" '. :'.' .
" ,
.<.
"
:. "'~: ,. :
f'.
Cracked S~ction: p= 1.0 , , k3 = 0 0 85 a= 1 04
---
-,-
-(1) (2) , (3) , (4) (5) (6) , (1) ?~<'< (8) ,(9) (10) (11) (12)
,.,T ~ f. t ' "'(A}* f 81 =(A) A. s f' ....81 sl ' '211 31, " : k ' . k E ~cl k k 2 ',' l-kk' ~*t ' ,2 1 2Y b~, k3 f9 - ,0
• ,
120 .00434 .00023 .00023 0 0148 0.736 -0'.334 0.28 :.00064 0.245. 0.755 238
, ,
140 .00498 ,:..- .00087 ' .00087 0.172 0.541 ',0.336 0.45 .00104 0.182,00818 300
160 .00570 , .00159 .00159 0.197 0.469. 0.339 0 ..615, .00141 0.159.0.841 353
180 .006.50 .00239 .00239 0.222 0.429 0.346 0.78 .00179 0.148 0.852 403
200 .00742 .00331 .00331 ' 0.246 0.404 0.356 0.975 ' .00224 0.144 0.856 449
2in
kIPs.001227
As
--.;;...- =
bdk- f"l '
, 3 c
iHHl-K_r A d(1-kk2 )s ' s
As d= 0.3261(8) = 2.62
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9. TAB L E S A H D FIG g-R E S
- 148 -
:i'! - - • '.
...........-.
- '- •..;- .. - -- - - '. --
TAB LE 1 - PRESTRESSED CONCR~'TE TEST BEAN PROPERTIES
, . ~
1',. '*
-
_.
b d h - Fse
-
c ., f' E~m Mtilt '"Beam. .( in.J (in.) (in. ) (ke1) p
'8i foe L1f c , ' f se (kips) Mol u Statio
,.
- 12.12 7~04 .- ~ -Pl,-- 6.12 ,6.09 .00661 670 22 66. 580 51.0 309.6
2 6.06 8.09 ' 12.12 7.21 . .006~9 670 23 71- 576 SO.6 308.0
, ' ,
..
3 6.19 8.00 12.06 6.98 .00660 '670 24 71 . 575 50.6 316.6 233 436 536.4
4 6.00 8.00 12.06 6.98 .00681 670 24 70 576 50'.6 Joo.5
.
'F5 6.09 8.12 12.12" 6.~ .OO6~Q 515 11 '62 436 37.8 ' 263.3
6 6.19 8~00 12.06 6.;88 .. 00660 ' 510 16 63 431 37 .. ? 257.5 264 . 605 545~4
..
5'00
'.
7 6.31 8.00 12.06 6.22 .00648 16 70 . 414 35 .. 6, '248.4
8 6.25 8.00 12.06' 6.83 .00653 500 16 65 419 036.'0 241.2 (503.0)'
,.
, .
- -"---_... -. -_.--
*Average 1'Y in test seoti.ono '
Notes: All strains in in/in x 10-5
All moments in in-kips
•
- -
. ' .....
•.'.0., ••• .... -
-
lilli' _..:.•
.,
:;-
•
- -
••0. 0'0 ~ 0••• :
• '0'
, . . .
. :.~.
. ,
TAB LE. 2 - nETAlIS OF COlOOETE KIXES
..
Fl,5
.' ~ ,. .., -
".~2,.6 ..
' •• °
-" <: • •
F4,8
" .
:Concrete Batch Distribution
"
,:
.
...
; Sta'tic'
,
; S't'rength' 01'. ,Cylinders. at
Beams Batch Cement Water -Sa.nd Gravel ,Slump -. Tlmf{ of :B earn' TEHi't's ,.' ..
, 'lb.• lb. l.b. lb. , in. -. ,
.'
..
: ,1 . .. 2 3 : Iiian 1't. , , c
.'
Fl"'4 I 146. 66.5 ... 386 386 2 ", 7249 73'60 6460 ~7020 .
.'
. ~
"
.. 6401 1-3/4 . '74~0II 148 386 386 7090 7150 7230
III 148 64.8 386·· 386 2 6046 6310' 6070 .6140
..
"
. ,
IV 148 6.502 386 386 2-1/2 6900
. '"
6915 7100 6970
V 148 64.4 366 386 2:"1/4 . 699q 7100 6860 6980
F5-8 I 148 73 386 3e6 2-5/8 6270 6570. 6490 6440
II 148 70 386 386 2 7230 6640 6770 6880
III 148· 69 386 366 2'-1/4. 6550 6610 :6560 6570
IV 148 66 386 386 2-1/8 .: 6310 6050 6440 6270
V 148 65.5 386 386 1-7/8
..
6670 6650 "6820 6710
,
1
I
1
I
,,1
1
I
.1
I
.1·
':1':·
I~
I
I .'
.:1
I
·1
I
:"1" , .
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"TABLE 3 - RANGE OF· CBIIlGAL CQHPOSITI.OR· OF S.TIAU STBEL
r---- -
Content, :percent
Lot I Lot II
"-
c-... O.iS
-
O~85 0.68 ';" 0.80
Manganese 0.40
-
0.75 0.,40 • 0.75
Phosphorus 0.04 Hax. 0.04 Max.
Sulfur 0.05 Max. 0.05 Max.
TABLE 4 - STATIC TESTS. LOT. ISTMN!'
Specimell No. Pu1t ' 1bs.
"
BS-1 27,300
BS-2 27,300
BS~3 27,400
B,..,4 27:ilSOO
Hean P
u1t = 27~300 lb.
Standard Deviation - 96 lb.
TABLE 5 - FATIg TESTS I' LOT .. I STlWlJ)
(Stress in Percent of Static Ultimate Stress)
,
Specimen No. Smin Smax. N log N
BS-9 42 63 220,000 5.3424
BS-10 40 70 122,000 5.0864
BS.;.ll ,40· . 57.5 926,000 5.966'6
BS~13 ...40 60 169,000 5.2279
BS-14 40 56.8 -l~119,OOO 6.0488
. -' ..
,,'.- - - - ".". - _.' -' - - .' - .• - - - - .
". ,/
TAB LE 6 - BEAM FATIGUE TEST RESULTS
Ra.te , ' . .-
',.
--
of Jack Loads J kip.s~~ .. - F8.ilure~,Wire Million Cycles
Beam Age Loading , Fail~re
, (days) cpm Pmin Ppred Pol Po2 Section IiI N2 N3 N4 N·5 ,
,
' '
..
Fl 167 250 4~50 12 0 10 ' - - w 0 0 225 00233 0.258 0.258 0'.258
, .
. ,
2 170 250 4.50 12.10 =
---
~ 0.164 0.200 0.215 0.226 0.226
" >
... .. -- _.
--
. ,
161 (Static Te'st) ". (Crushing Fiber)3 L of Concrete Top
.
--
--
..
4 169 250 4.50 12.10 - - W '. 0 0 1-39 0.146 00164' -- --
F5 180 500 3.80 7.08 9;.14 10'017 w 1.947 2.516 2 .~17 2.817 2.820
6 156 (Static Test) L (Crushin.g of Concrete Top Fiber J
"
..
--
.. ..
7 196 ,250 3.80 7.05 9.09 10.37: L 1.167 1.437 1.467 1.552 1.580
8 168 250 3.80 7.12 9.08 10.,h3 E 1.136 1.557 1.586 1.587 -=
.
i~Including dynamic effect, estimated 'from:deflect.1on readingS '.
. '._'
'.
"',
TABLE 7 - STATIC TESTS J U>T II 8TRAND
Speci.metl No. PUlt' 1b8~.
L 1
-
S 1 28,620
L 2 -S 4 28;675
L 3
-
S 5 28,650
.....
,
. . L41 .. S15 ·28,450·
L57 - S20 28,500
Ll3 - 851 28,600
L70
-
S52 18;520
L7C) - S53 28,450
. Mean..~Pu1t=28 ,560 1b •
.Standard . ·Deyiation= 8.9· lb.
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'Specimen
L 1 ... S2
L 2 ... S 3
L 4 - s·'o
L,5 - S8
L 5 -·5·9
. :.
J.9 - 810
L17 - S11
. L17 -S12
L15 - S13
L15 - S14
1A1 - 516
L50 - 517
L50 - S18
LS7 - S19
L~a - 821
L38 .:.. S22
'L65 - 525
L65 - S26
L36 828,'
'. L56 Sag
L56 - 830
Smin 5DRlX N
60 70 460,200*'
60 80, 234,400
60 80 33,000**
60 75 425,.500
60 70 J,30~,OOO
60 75 304,800
~
60 70 5~440,600
60 85 103,000
60 80 211,000
60 85 70,000
60 85 88,300
60 75 777,000
60 30 160,000
60 80 170,600
'.
60 80 121,000
60, 75 863,000
60 80 159,000
60 85 73,000
60 85 88,500
,60" 75 768,500
,.
60 75 300,600
..
log N
"-" .._- .
5036996
--aQ.,-
5062890
6!'51930
5 ..48401
5001284 '
5 .. 32428
4084510
4094463
5.89042
5020412
5023198
5008279
5093601
5020140
4086332 .
4094694
5.88564 '
5 0 47199


-157
Table 8 - Continued
~ No failure
Specimen S . S N log N
m~n max
L29 - 8131 40 60 573,000 5.75815
L71 - S132 40 65 126,000 5.10037
L71 - S133 40 70 71,000 4.85126
L31 - S134 40 60 359,000 ' 5.55509
L31 - S135 40 70 76,000 4.88081
L37 - S136 40 65 174,000 5.24055
L37 - S137 40 57.5 715,000 5.85431
"Premature failure in grip. Not included in analysis 0
"Failure at weldment. Not included in analysis.
*
**
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TABIE 9 - SUMMARY OF CONSTANT CYCLE STRAND FATIGUE TEST DATA
Stre ss Leve Is~ Fatigue Life Log Fatigue Life%Static Ult. No o of
Group Replica- N DN l'
.-
-1 ) -.
Smin S tions N oDN log N log (log N Dmax
A 40 70 6 89,200 13,400 0.1503 4.9460 88,300 000671
B 40 65 6 150,400 25j1600 0.1705 5.1764 150j1100 0.0768
C - - --1+0 60 6 357j1700 121j1900 0.3410 5.5392 346 j1100 0.1162
D
-4°· 57.5 6 892j1400 304j1600 003410 5.9.282 847j1500 0.1548
E 60 85 6 81,900 13,620 001663 4.9084 80j1980 0.0708
F 60 80 20 178 j11QO 53j1400 0.2998 5.2233 167,200 001793
G 60 75 7 705j1630 421,900 0.5979 5.7827 606,300 002602
N = Mean fatigue life
DN = Standard deviation of N
log N = Mean of log N
D = Standard deviation of log N
----
------------~------
TAB IE 10 - STRAND CUMULATIVE DAMAGE TESTS WITH TWO MAXIMUM STRESS IEVELS
Stress Level~ %Ult. Block Shape I: Exp 9 tal N/Pred.NTest Specimen NeNo. No. Smin Spred Sol 0<- f% Ne/NL Ne/NG
'-
.'
3AA~1 L43~S48 60 65 85 30 ~ 000 0.25 357 ~ 300' 1.08 1.10 1.76
3AA-2 L48-S64 60 65 85 30,000 0.25 ~85, 700 L15 1.20 1.90
-
L41-S55 60 70 85 30,000 0.25 148, OOQ-:~ 0-
0'
JEA-l
-- -- --
JEA-2 168-S58 60 70 85 30,000 0.25 324,300 0.95 1.00 1.94
JEA~3 L40~8121 60 70 85 30,000 0.25 417,000 1.26 1.29 2050
3CA-l L54-856 60 75 85 22'0500 0025 174,400. 0.71, 0.76 1048
3CA-2 168-859 60 7C, 85 22,500 002·5 ,266,200 1.12 1.16 2025. -"
3DA~1 L43-S49 60 65 85 22,"500 0040 335,500 1.65 1.67 2.15
3DA~2 L55-870 60 65 85 22,500 0.40 263,500 1.26 1. 31 1.69
3EA-l L54-357 60 75 85 15,000 0040 190,200 LI0 1.13 1.62
, 0
JEA-2 L20-S67 60 75 85 15,000 0.40 178,200 0.95 1;06 1.52
3FA-l L44-854 60 80 85 15,000 0.25 1.55,700 1.17 1.18 1.50
3FA-2 L33-368 60 80 85 15,000 00~5 101,300 0.75 0.76 0.97
Ne = Observed fatigue life
NL = Fatigue life predicted by Eq. 307
NG = Fatigue life predicted by Eqs.3.8 and 3.9
·:~Failure in. grip - not included in analysis
-------------------
TABLE lL - STRAND CUMULATIVE DAMAGE TESTS WITIi TWO MAXIMUM STRESS LEVELS
Stress Level, %Ult. Block Shape In Expv tal N/Pred.NTest Specimen
{.3/0<:
N ,
No. No. Smin S S d.. e N Ne/NL Ne/NGpred 01
3AA~1 L43-S48 60 65 85 30,000 0.25 357,300 L08 LIO 1.76
3AA-2 L48-S64 60 65 85 30,000 0.25 385,700 L15 1.20 1.90
3AB-l L58-S85 60 65 85 300,000 0.25 221 OOO~.t- -- -~ --,
--
3AB-2 L45-S88 60 65 85 300,000 0025 96,500{\-
-- -- --
3AB~3 L12-S92 60 65 85 300,000 0.25 540,000 loll 1.67 2 065
3AB-4 L66-S91 60 65 85 3QP,000 0.25 550,000 1024· 1.70 2 070
3AC-l L63-S100 60 65 85, 1.0,000 0.25 349,000 L07 1008 1 0 72
.I
---
3AC-2 L61-S103 60 65 85 10 000 0025 390,000 L20 L20 1092,
Ne = Observed fatigue li1'e
NL = Fatigue life predicted by Eq.307
NG = Fatigue life predicted by Eqs. 3.8 and 3.9
*Failure in grip - not included in, analysis
I
.....
0'
o
-------------------
TABrE 12 ~ STRAND CUMULATIVE DAMAGE TESTS WITH TWO -MAXIMUM STRESS rEVELS
- - ---.-
.._- . .. ----
Stress Level~ %Ult. Block Shape - - Expv taLN/PredoNTest Specimen - I;No. No. S
-Spred Sol (3/rIw Ne -min 0( Ne/NL Ne/NG
..
4AA-l LII-S86 40 40 70 30~000 004 232~500 0.92- 0- 096 0.98
4AA~2 L66-S90 40 40 70 30,000 0.4 205,-000 0.82 0.85 0.87
.'.;:
'4BA':'l L14-S82 40 60 70 30,000 0.4 119,000 0.72 0.72 0078
413A-2 L45~S89 40 . 60 70 30,000 0.4 143,300 0.84 0.87 0.94
413B-l L62-s81 40 60 70 150,000 0.4 135,800 0.77 0.82 0.89
413B-2 L58-S84 40 60 70 150,000 0.4 245,000 1.25 1.44· 1.61
413C-l- L14-S83 40 60 70 10,000 0.4 148,000 0.89 0.90 0.97
4BC-2 L12-S93 40 60 70 10,000 0.4 135,200 0.81 0.82 0-089
Ne = Observed f_atigue li1'e
NL = Fatigue lU'e predicted byEq. ,3.7
NG ':::; Fatigue life predicted by Eq. ,3.8 and_ 3.9
I
,....
0'\
,....
-------------------
TABlE 13 = STRAND CUMULATIVE DAMAGE TESTS WITH. THREE MAXIMUM STRESS lEVELS
Stress Leve1 9 %Ult o Block .Shape I~ EXp9 tal. N/PrEl d.• NTest Specimen .- ~ ~ Ne -No. No. Smin Spred Sol 8 02 eX. N-e/NL Ne/NG
. " ..
---
5AA-l L46-S98 60 60 80 85 60,000 0.4 {j-~4 295 9 700 0097 1 001 L48
5AA-2 L39-S107 60 60 80 85 60,000 0.4 0.4 238,600 0.80 0.81 1.24
~_··5BA-l L61-S102 60 75 80 85 .30,000 0.4 0.4 235,200 1.00 1.04 1.78
5BA-2 L39-S106 60 75 80 85 30,000 0.4 0.4 250,000. L07 1.10- 1.90
5BA-3 L53-S125 60 75 80 85 30,000 0.4 0.4 48 9 1OO{" -- --
--
5CA-l L63-S101 60 75 80 85 30 9 000 0.25 - 0.4 172 ,300 0.54 0.58 1.19
5CA-2 L 8-S104 60 75 80 85 30,000 0.25 0.4 232,500 0.74 0.78 1.60
..
5CA-3 L40-S120 60 75 80 85 30,000 0.2-5 0.4 147,500 0.48 0.50 1.02
5CA-4 L26-S123 60 75 80 85 30,000 0.25 0.4 82,500{" -- -- --
.-
Ne = Observed fatigue lif'e
NL = Fatigue life predicted by Eq. 3.7
NG ~ Fatigue life predicted by Eqs. 3.8 and 3.9
·;i'Failure in grip - not included in ana.lysis
------------------_.
TAB IE 14 - STRAND CUMULATIVE DAMAGE TESTS WITH THREE MAXIMUM STRESS LEVELS
Stress Level, %Ult o Block Shape I; E~p9tal N/PredoNTest Specimen f;k t;~ N Ne/NL Ne/NGNo o No o Smin Spred Sol S02 d... e
6AA-l L60-S95 40 60 65 70 20,000 004 0 04 238,000 1023 1024 1037
6AA-2 L19-S96 40 60 65 70 20,000 0.4 0.4 192,000 0097 0099 LIO
6BA-l L60-S94 40 60 65 70 30,000 004 0025 149,000 0073 0 073 0082
6BA-2 L19-S97 4° 60 65 70 30,000 004 0025 150,000 0073 0073 0.83
6BA-3 L?7-S119 40 60 65 7-0 30,000 004 0025 144,800 0.69 0.71 0 080
6CA-l L46-S99 40 50 60 70 30,000 004 0.4 328,000 0078 0.80 0.95
6CA-2 Ih7-S109 40 50 60 70 30,000 0.4 004 419,000 L01 1002 1.21
Ne = Observed.f.atigue 1if~e
NL = Fatigue li1'e. predict.edl:.>Y Eq. 3.7
Na. =: Fa.tigue life predicted by'Eqs.3.8 and 3.9
-------------------
TAB IE 15 - STRAND CUMULATrw DAMAGE TESTS WITH TWO MAXIMUM STRESS LEVELS
- .
Test Specimen Stress Level. %Ult. Block Shape In Expttal N/Pred.NNo. No. Smin Spred Sol
,6/oe N Ne/N0( e N Ne/NGL
-
._.
-
3FA-l L44-S54 60 80 85 15,000 0.25 155,700 1.17 L18 1.48
3FA-2 L33-S68 60 80 85 15,000 0.25 101,300 0.75 0.76 0.96
3FA-3 L52-S113 60 80 85 15,000 0.25 110,350. 0.83 0.86 1.05
3FA-4 L52-S112 60 80 85 15,000 0.25 139,450 1.05 1.05 1.32
3FA-5 L34-S111 60 80 85 15,000 0.25 134,950 1..02 1.02. 1.28
3FA-6 L34-S110 60 80 85 15,000 0.25 101,250 0.75 0.76 0.96
3FA-7 L35-S117 60 80 85 15,000 0.25 158,500 1.• 19 1..20 1.51
3FA-8 L42-S114 60 80 85 15,000 0.25 101,350 0.76 0.76 0.96
3FA-9 L35-S116 60 80 85 15,000 .Go?5 157,250 1.18 1.19 1.50
3FA-I0 L42-S115 60 80 85 15,000 q.?5 131,250 0.98 0.99 1.25
Ne = Observed fatigue life
NL ;::; Fatigue 1if'e predicted by Eq.3.7
NG ;::; Fatigue life predicted by Eqs •. 3.8 and 3.9
I
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/V2 .TABLE 16 - ~ GOODNESS OF FIT TEST*
CONSTANT CYCLE STRAND FATIGUE TESTS - GROUP F
Interval 0 E O-E (O-E)2
- ex::> -< Z < -0.675 3 5 -2 4
-0.675 :s:;;;;;z <. 0 6 5 1 1
o~ Z <::::. +0.675 6 5 1 1
+0.675 ~ z <. 00 5 5 0 0
L 20 20 0 6
Z log N- log N= D
0 = Observed number of test points
within interval of Z values
E = Expected number of test points
within interval of Z values
X2 = L(O-E)2 = .§. = 1 20E 5 .
For three (3) degrees of freedom, x.2 = 7.82.
0.05
*The X2 test is described on page 85, Ref. 18.
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TABLE 17 - ?(2 GOODNESS OF FIT TEST*
CONSTANT CYCLE STRAND FATIGUE TESTS - GROUPS A THROUGH G
Interval 0 E O-E . (O-E)2
- 00 <: z <. -1.220 4 6.33 -2.33 5.46
·-:-1.220 ~ Z <. -0.766 7 6.33 -0.67 0.44
-0.766 ~ Z <. -0.430 5 6.33 -1.33 1.78
-0.430 ~ Z <. -0.140 4 6.33 -2.33 5.44
-0.140 ~ Z <. +0.140 9 6.33 +2.67 7.12
+0.140 ~ z. <. +0.430 4 6.33 -2.33 5.44
+0.430 ~ Z <: +0.766 11 6.33 +4.67 21.70
+0.766 ~ Z <. +1..220 10' 6.33 +3.67 10.34
1.220 ~ Z <.+ o<i 3 6.33 -3.33 10.11
L 57 57 +5.33 67.83
z = log N - log N
D
o = Observed number of test points
within interval of Z values
E = Expected number of test points
within interval of Z values
X2= L(O-E)2 = 67.83 = 10.70
E 6~33
For eight (8) degrees of freedom, 'X2 = 15.51
0.05
*The )C2 test is described on page 85, Ref. 18.
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TABLE 18 - :t VALUES FROM BEAM TEST DATA
Percentage y;
Beam of
Fatigue Life k3 = 1.0 k3 = 0.85
F1* 0
- -
4.4 1.72 1.43
26.7 1.58 1.32
100.0 1.46 . 1.21
F2* 0 1.71 1.42
15.3 1.26 1.06
36.7 1.14 0.95
61.0 1.16 1.01
91.5 1.14 0.95
j
I
F4* 0 \ 1.32 1.10\
- ~
~_.'
18.0 0.89 0.77
43.2 0.87 0.74
79.1 0.82 0.69
*Computed from deformations measured at
M = 450 kip inches.
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Table 18 - Continued
Percentage Y/Beam of
Fatigue Life k3 = 1.0 k3 = 0.85
F5** 0
- 0~93
1.5 1.02 0.62
4.6 0.69 0.62
15.4 0.69 .- 0 0 62
30.8 0.69 0.62
46.2 0.69 0.62
61.6 0.69 0 0 62
86.3 0.69 0.62
F7** 0 1.55 1.27
2.6 1.25 1.08
7.7 1.14 0.97
25.7 1.14 0 0 97
51.4 1.14 0 0 97
77.2 1.14 0.97
**Computed from deformation readings at
M = 378 kip inches.
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Table 18 - Continued
Percentage y.;
Beam of
Fatigue Life k3 = 1.0 k3 = 0.85
F8** 0
- -
2.6 1.15 0.98
7.9 1.10 0.93
13.2 1.10 0.93
21.1 1.10 0.93
29.1 1.01 0.85
39.7 1.10 0.93
52.8 1.15 0.98
66.0 1.10 0.93
90.0 1.15 0.98
...'"
**Computed from deformation readings at
M = 378 kip inches.
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TABIE 19 - COMPARISON OF PREDICTED AND OBSERVED BEAM FATIGUE LIVE;S
. NeMoments, in-k. Stresses, %Static Ult. Np
Beam Mmin M _ Mol M02 Smin Spred S~l S02 x 10
6 x 106
( pred
Fl 162 436 - - 62.5 79.8 - - .179 .225
F2 162 436 - - 62.0 79.4 - - .191 .164
F4 162 436 - - 62.0 79.8 - - .170 .139
F5 136.8 254.6 329 366.4 46.9 52.0JJo 60.6 66.0 2.300 1.947
F7 136.8 253.7 32703 373.8 4404 51.1~} 60.3 67.2 1.120 1.167
.
F8 136.8 256.• 3 327.0 375.2 45.4· 50 ~.o~~ 60.3 67.6 1. 310." 1.136
,
Notes: ~l- Understress
, --
!f = predic.ted. mean fatigue lifep
N .; Observed fa.tigue. life
e
I
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o
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TABLE 20 - EFFECT OF PARAME;TERS k 3, P , %STEEL LOSSES
ON MEAN FATIGUE LIFE*
% S S S02 S N'r Ste.el min 01 Lk 3 Losses % % % %-. x 106
--
.'
0.85 0.7 4 44.4 58.8 65.0 58.6 L96
0.85 LO 4 44.4 60.3 67.2 58.6 L12
0.85 1.3 4 44.4 61.1 68.7 58.6 0.78
0.85 1.0 2 45.4 60.3 67.2 59.3 1.47
LOO LO 4 44.4 59.9 66.8 58.6 1.32
*Computation made for Beam F7
-------------------
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FIG. 6 - GRID LAYOUT FOR MEASUREMENT OF CONCRETE DEFORMATIONS
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FIG. 7 - BEAM TEST SET-UP
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FIG.16 - MID -SPAN DEFLECTIONS, STATIC AND DYNAMIC LOADS - BEAM F4
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